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Abstract: Powdery mildew is a major threat to mango plants, leading to significant agricultural and financial losses. This 
study introduces innovative mathematical models to capture the dynamics of powdery mildew infection in mango fruits and 
proposes an optimal control strategy to minimize disease spread and treatment costs. By applying advanced asymptotic 
techniques, such as the New Homotopy Perturbation Method, Adomian Decomposition Method, and Variational Iteration 
Method, this research derives novel approximate analytical solutions, which are rigorously validated against numerical 
results. The developed models offer a robust framework for understanding the disease dynamics and optimizing biological 
control measures, with a focus on minimizing both disease transmission and treatment expenses. The results demonstrate the 
efficacy and accuracy of these approaches, providing valuable insights into pest management strategies in mango cultivation. 
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1. INTRODUCTION 
Powdery mildew is a widespread and destructive fungal disease that impacts a diverse range of plants, including mangoes 
(Mangifera indica). This disease is caused by the fungal pathogen Oidium mangiferae, a member of the Erysiphaceae family, 
which thrives in conditions of high humidity and moderate temperatures. It manifests mango plants and fruits as a white, 
powdery fungal growth on the surfaces of leaves, flowers, and fruits. The disease significantly reduces fruit yield and 
quality, posing a serious threat to mango cultivation, especially in regions where mango is a key agricultural product. The 
fungus Oidium mangiferae features hyaline, septate hyphae that produce conidia in chains, which are characteristic of its 
structure. The conidia of Oidium mangiferae are ellipsoid to cylindrical and can germinate rapidly to infect host tissues. The 
pathogen primarily targets young tissues such as panicles, leaves, and fruits, penetrating the epidermal cells to establish a 
parasitic relationship [1]. Its high reproductive capacity and swift infection cycle make it a serious threat to mango 
plantations. The disease appears as a whitish, powdery coating on panicles, leaves, and young fruits, leading to browning and 
defoliation [2]. Infected inflorescences often cause fruit abortion, and the remaining fruits may develop a scabby appearance. 
This disease has been reported in several regions, including Japan, Mexico, Israel, Egypt, and Spain.          
      Managing powdery mildew effectively involves the use of fungicides and integrated pest management strategies. In 
Israel, fungicides like penconazole, myclobutanil, and tetraconazole have proven effective, particularly when applied before 
rainfall [3]. In Egypt, integrated approaches combining biological control agents, mineral salts, and antioxidants have shown 
promise in reducing disease severity [4]. The use of phosphate fertilizers alongside systemic fungicides has also 
demonstrated success, cutting fungicide applications by up to 50% [5]. Current research on mango powdery mildew focuses 
on understanding the pathogen’s biology, host-pathogen interactions, and developing effective control measures [6]. 
Advances in molecular biology are enabling researchers to explore the genetic mechanisms behind pathogen virulence and 
host resistance [7]. Mathematical modeling has become a valuable tool for simulating the spread and dynamics of powdery 
mildew, supporting the development of optimized management strategies. However, there is still a need for comprehensive 
models that integrate biological control measures, disease dynamics, and cost-effectiveness. Kumar et al. developed a 
predictive model using a hybrid CNN-Random framework to classify powdery mildew disease with high accuracy [8]. 
Kulkarni et al. demonstrated effective management techniques using organic products [9]. Nalawade et al. created a disease 
detection model leveraging artificial neural networks [10]. In Egypt, Ahmed et al. conducted experimental analyses to 
evaluate the effectiveness of bio-control agents in managing powdery mildew [11]. 
       Numerous researchers have developed mathematical models to study powdery mildew across various plant species. For 
instance, a disease evaluation model utilizing the Expectation-Maximization (EM) algorithm and Gaussian mixture has been 
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designed for field detection using smart-phones, offering practical on-site utility [12]. To monitor powdery mildew in wheat, 
the CARS-ELM model was created using remote sensing data, alongside image processing techniques that identified leaf-
level infections with 93.33% accuracy [13]. In rubber trees, early detection has been enhanced using wavelet-based models, 
improving detection efficiency by 1.9% [14]. Similarly, machine learning models have been developed to classify infected 
sandalwood trees based on environmental variables such as humidity, temperature, and soil moisture [15]. In recent years, 
mathematical models based on differential equations have also emerged to study powdery mildew dynamics in various crops. 
Notably, a transmission dynamics model has been developed for cashew trees, focusing on disease transmission and stability 
analysis  [16]. Another model examining the interaction between tomato plants and powdery mildew employs a 
compartmental approach based on the Waggoner host-disease system, categorizing leaves into healthy, diseased, and 
defoliated compartments [17]. Additionally, broader reviews have explored the role of mathematical models in 
understanding plant disease epidemics [18]. In contrast to these existing studies  [16-18], our work presents two novel 
mathematical models that not only capture the transmission dynamics of powdery mildew but also introduce effective 
biological control strategies as alternatives to chemical fungicides, thereby promoting environmentally sustainable disease 
management. This emphasis on non-chemical interventions addresses growing concerns about the adverse effects of 
pesticides on human health and ecosystems. Furthermore, our incorporation of an optimal control framework adds a practical 
dimension by helping decision-makers manage treatment costs while maximizing disease suppression. By integrating 
biological realism with economic considerations, our models offer a more holistic and applicable approach to managing 
powdery mildew in agricultural systems.  
      This paper presents two mathematical models designed to address the challenges of powdery mildew disease in mango 
plants and fruits. The first model focuses on biological control strategies for managing the disease in mango plants, while the 
second examines the fungal dynamics of powdery mildew in mango fruits. Both models are extended to include optimal 
control measures, enabling the evaluation of the effectiveness and cost-efficiency of various treatment strategies. The 
contributions made by the authors Jin Wang and Alfred Hugo has always been a source of inspiration for this work  [19-20]. 
The authors of the work  [21-32]  have contributed a lot in the experimental, analysis and review based studies in mango 
plant, which has been very efficient. Approximate analytical solutions are derived for these models using the New Homotopy 
Perturbation Method, Adomian Decomposition Method, and Variational Iteration Method. The accuracy of these solutions is 
validated by comparison with numerical solutions, with findings illustrated through graphical analyses and error tables. The 
strengths of this paper lie in its thorough approach to tackling powdery mildew disease using mathematical modeling. By 
creating models that incorporate both biological control and optimal control strategies, the study offers a comprehensive 
framework for disease management. Employing multiple analytical methods to derive approximate solutions adds to the 
reliability and robustness of the findings. Validation through numerical solutions further reinforces the credibility of the 
proposed models. Additionally, the inclusion of cost-effectiveness analysis provides valuable practical insights for decision-
makers in the agricultural sector.   
      The paper is organized as follows: Materials and Methods section presents the formulation of the mathematical model, 
including system dynamics and assumptions. It also outlines the derivation of approximate analytical solutions using the 
New Homotopy Perturbation Method, Adomian Decomposition Method, and Variational Iteration Method and the 
construction of an optimal control strategy. The Results and Discussions section provides a detailed analysis of model’s 
behavior through graphical simulations, highlighting the influence of key parameters on the dynamics of healthy, infected 
and controlled populations. The Conclusion section summarizes the main findings of the study, discusses potential 
applications, and offers directions for future research. The manuscript concludes with a complete list of references that 
support the theoretical and empirical foundations of this work.   
         
2. MATHEMATICAL MODEL FORMULATION 

2.1 Mathematical Model for Biological Control of Powdery Mildew Disease in Mango Plant (Model I)  
The biological control model is developed to control the powdery mildew disease in Mango plants. Rather than chemical 
pesticides and fungicides, the biological way of controlling a disease is eco-friendly and harmless when a living being 
consumes it. This model is categorized into four compartments healthy 𝐻𝐻 and infected mango plants 𝐼𝐼, pathogen Oidium 
mangifera population 𝑃𝑃, and biological control agent Ampelomyces quisqualis population 𝐵𝐵. The growth and the death rates 
of healthy mango plants, pathogen, and biological control agent population are given to be 𝛼𝛼,𝛼𝛼𝑃𝑃,𝛼𝛼𝐵𝐵 and 𝛾𝛾1, 𝛾𝛾2, 𝛾𝛾3. The way 
Ampelomyces quisqualis helps in reducing Oidium mangiferae can be estimated using the parameter 𝜋𝜋. The mango host 
plants that die of powdery mildew disease can be monitored with the help of this parameter 𝛿𝛿. The schematic representation 
of the model and the other list of parameters involved in this model are given in Figure 1 and Table 1. 
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Figure 1. Schematic representation of biological control of 

powdery mildew disease (Model I). 

 
Figure 2. Schematic representation of fungal dynamics in 

mango fruit (Model II). 
 
 

Table 1. List of parameters (Model I). 

Symbol Description Baseline 
Value/Range 

Source 

𝛼𝛼 The birth rate of healthy hosts 0.4-0.5 cm/day [21] 
𝛼𝛼𝑃𝑃 The growth rate of the pathogen 0.0002-0.01cm/day [22] 
𝛼𝛼𝐵𝐵 The growth rate of the biological control agent related to the pathogen 

population 
0.001-0.3 cm/day [23] 

𝛽𝛽 Infection rate coefficient 0.12-0.2/day [24] 
𝛾𝛾1, 𝛾𝛾2, 𝛾𝛾3 Natural death rate of healthy hosts, pathogen and biological control agent 0.001-0.2/day Assumed 

𝛿𝛿 The recovery rate of infected hosts 0.01-1/day [25] 
𝜃𝜃 Disease-induced mortality rate of infected hosts 0.01-0.6/day [26] 
𝜋𝜋 Effectiveness of the biological control agent in reducing the pathogen 

population 
0.1-0.98/day [27] 

𝐾𝐾1,𝐾𝐾2 Carrying capacity of the pathogen and biological control agent population 1-2 individuals/m3 Assumed 
 

2.2 Mathematical Model for Analyzing Fungal Dynamics of Powdery Mildew Disease in Mango Fruit (Model II)  
Powdery mildew disease also affects mango fruit in larger quantities, and it leads to yield loss. To observe the fungi behavior 
in mango fruit, a classical SEIF model is created. This model comprises four categories susceptible 𝑆𝑆, exposed 𝐸𝐸, and 
infected mango fruits 𝐼𝐼 to understand the fungal dynamics, the rate of the Oidium mangiferae population 𝐹𝐹 is formulated. 
The behavior of this fungi can be analyzed with the help of rate of infection from spores to susceptible fruits 𝛽𝛽, Rate of spore 
production from infected fruits 𝜌𝜌 and Rate at which exposed fruits turn into infected fruits 𝜎𝜎. The remaining parameter’s 
description is given in Table 2 and the schematic representation of powdery mildew disease in mango fruit is given in Figure 
2.  
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
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= 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝜎𝜎𝜎𝜎 − 𝑑𝑑2𝐸𝐸 (6) 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝜎𝜎𝜎𝜎 − 𝜙𝜙𝜙𝜙 (7) 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝜌𝜌𝜌𝜌 − 𝑑𝑑3𝐹𝐹 (8) 

 
 

 Table 2. List of parameters (Model II). 

Symbol Description Baseline Value/Range Source 
𝑖𝑖 Natural fruit production rate 0.03/annum [28] 
𝛽𝛽 Rate of infection from spores to susceptible fruits 0.2-0.4 [29] 

𝑑𝑑1,𝑑𝑑2,𝑑𝑑3 The natural decay rate of susceptible & exposed fruits and fungal spores 0.001-0.7 Assumed 
𝜎𝜎 The rate at which exposed fruits turn into infected fruits 0.01-0.05 [29-30] 
𝜙𝜙 Abscission rate or death rate of infected fruits 0.1-0.8 [31] 
𝜌𝜌 Rate of spore production from infected fruits 0.01-0.1/day [32] 
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3. METHODOLOGY  
This section presents the approximate analytical expressions for both models of powdery mildew disease in mango plants. 

3.1 New Homotopy Perturbation Method (NHPM) 
The New Homotopy Perturbation Method (NHPM) is an advanced version of the classical Homotopy Perturbation Method, 
which was developed by Ji-Huan He in the late 1990s. The classical HPM integrates the concept of homotopy from topology 
with perturbation techniques to solve non-linear differential equations. NHPM builds on this foundation by incorporating 
modifications that improve convergence and adaptability, making it especially effective for complex systems [33-34]. The 
step-by-step procedure is displayed in the Appendix section. The approximate analytical expressions for biological control 
and fungal dynamics of powdery mildew disease in mango plants and fruit (Model I, Model II) are obtained as,   

𝐻𝐻 =
𝛼𝛼

𝛽𝛽𝛽𝛽(0) + 𝛾𝛾1
+ �𝐻𝐻𝑖𝑖 −

𝛼𝛼
𝛽𝛽𝛽𝛽(0) + 𝛾𝛾1

� 𝑒𝑒−(𝛽𝛽𝛽𝛽(0)+𝛾𝛾1)𝑡𝑡 (9) 

𝐼𝐼 =
𝛽𝛽𝛽𝛽(0)𝑃𝑃(0)
𝛿𝛿 + 𝜃𝜃

+ �𝐼𝐼𝑖𝑖 −
𝛽𝛽𝛽𝛽(0)𝑃𝑃(0)
𝛿𝛿 + 𝜃𝜃

� 𝑒𝑒−(𝛿𝛿+𝜃𝜃)𝑡𝑡 (10) 

𝑃𝑃 =
𝛼𝛼𝑃𝑃𝑃𝑃(0)2

𝐾𝐾1(𝛼𝛼𝑃𝑃 − 𝜋𝜋𝜋𝜋(0) − 𝛾𝛾2) + �𝑃𝑃𝑖𝑖 −
𝛼𝛼𝑃𝑃𝑃𝑃(0)2

𝐾𝐾1(𝛼𝛼𝑃𝑃 − 𝜋𝜋𝜋𝜋(0) − 𝛾𝛾2)� 𝑒𝑒
(𝛼𝛼𝑃𝑃−𝜋𝜋𝜋𝜋(0)−𝛾𝛾2)𝑡𝑡 (11) 

𝐵𝐵 =
𝛼𝛼𝐵𝐵𝐵𝐵(0)2

𝐾𝐾2(𝛼𝛼𝐵𝐵 − 𝛾𝛾3) + �𝐵𝐵𝑖𝑖 −
𝛼𝛼𝐵𝐵𝐵𝐵(0)2

𝐾𝐾2(𝛼𝛼𝐵𝐵 − 𝛾𝛾3)� 𝑒𝑒
(𝛼𝛼𝐵𝐵−𝛾𝛾3)𝑡𝑡 (12) 

 
Also, the approximate analytical expression for model II is given by, 

𝑆𝑆 =
𝑖𝑖

𝛽𝛽𝛽𝛽(0) + 𝑑𝑑1
+ �𝑆𝑆𝑖𝑖 −

𝑖𝑖
𝛽𝛽𝛽𝛽(0) + 𝑑𝑑1

� 𝑒𝑒−(𝛽𝛽𝛽𝛽(0)+𝑑𝑑1)𝑡𝑡 (13) 

𝐸𝐸 =
𝛽𝛽𝛽𝛽(0)𝐹𝐹(0)

(𝜎𝜎 + 𝑑𝑑2) + �𝐸𝐸𝑖𝑖 −
𝛽𝛽𝛽𝛽(0)𝐹𝐹(0)

(𝜎𝜎 + 𝑑𝑑2) � 𝑒𝑒−(𝜎𝜎+𝑑𝑑2)𝑡𝑡 (14) 

𝐼𝐼 =
𝜎𝜎𝜎𝜎(0)
𝜙𝜙

+ �𝐼𝐼𝑖𝑖 −
𝜎𝜎𝜎𝜎(0)
𝜙𝜙

� 𝑒𝑒−𝜙𝜙𝜙𝜙  (15) 

𝐹𝐹 =
𝜌𝜌𝜌𝜌(0)
𝑑𝑑3

+ �𝐹𝐹𝑖𝑖 −
𝜌𝜌𝜌𝜌(0)
𝑑𝑑3

� 𝑒𝑒−𝑑𝑑3𝑡𝑡 (16) 

3.2 Adomian Decomposition Method (ADM) 
The Adomian Decomposition Method, introduced by George Adomian in the 1980s, is a semi-analytical technique used to 
solve a broad range of linear and non-linear differential equations [35-36] We decompose the Equations (1-8), as linear, non-
linear and remaining linear terms and assume the solution to be in the form of a power series.  

𝐻𝐻 = 𝐻𝐻(0) + 𝛼𝛼𝛼𝛼 − 𝛽𝛽(𝐻𝐻(0) + 𝛼𝛼𝛼𝛼)𝑃𝑃0𝑡𝑡 − 𝛾𝛾1(𝐻𝐻(0) + 𝛼𝛼𝛼𝛼)𝑡𝑡 + ⋯ (17) 
𝐼𝐼 = 𝐼𝐼(0) + 𝛽𝛽(𝐻𝐻(0) + 𝛼𝛼𝛼𝛼)𝑃𝑃0𝑡𝑡 − (𝛿𝛿 + 𝜃𝜃)𝐼𝐼(0)𝑡𝑡 + ⋯ (18) 

𝑃𝑃 = 𝑃𝑃(0) + 𝛼𝛼𝑃𝑃𝑃𝑃0𝑡𝑡 −
𝛼𝛼𝑃𝑃𝑃𝑃02

𝐾𝐾1
𝑡𝑡 − 𝜋𝜋𝐵𝐵0𝑃𝑃0𝑡𝑡 − 𝛾𝛾2𝑃𝑃0𝑡𝑡 + ⋯ (19) 

𝐵𝐵 = 𝐵𝐵(0) + 𝛼𝛼𝐵𝐵𝐵𝐵0𝑡𝑡 −
𝛼𝛼𝐵𝐵𝐵𝐵02

𝐾𝐾2
𝑡𝑡 − 𝛾𝛾3𝐵𝐵0𝑡𝑡 + ⋯ (20) 

In the same way for model II, we have, 
𝑆𝑆 = 𝑆𝑆(0) + 𝑖𝑖𝑖𝑖 − 𝛽𝛽(𝑆𝑆(0) + 𝑖𝑖𝑖𝑖)𝐹𝐹0𝑡𝑡 − 𝑑𝑑1(𝑆𝑆(0) + 𝑖𝑖𝑖𝑖)𝑡𝑡 + ⋯ (21) 

𝐸𝐸 = 𝐸𝐸(0) + 𝛽𝛽(𝑆𝑆(0) + 𝑖𝑖𝑖𝑖)𝐹𝐹0𝑡𝑡 − (𝜎𝜎 + 𝑑𝑑2)𝐸𝐸0𝑡𝑡 + ⋯ (22) 
𝐼𝐼 = 𝐼𝐼(0) + (𝜎𝜎𝐸𝐸0 − 𝜙𝜙𝐼𝐼0)𝑡𝑡 + ⋯   (23) 
𝐹𝐹 = 𝐹𝐹(0) + (𝜌𝜌𝐼𝐼0 − 𝑑𝑑3𝐹𝐹0)𝑡𝑡 +⋯ (24) 

3.3 Variational Iteration Method (VIM) 
The Variational Iteration Method was developed by Ji-Huan He in the 1990s. In this method, we carry out the iteration by 
constructing the correctional function [37-39]. Using this technique the approximate analytical expressions for both models 
are given as, 

𝐻𝐻1(𝑡𝑡) = 𝐻𝐻0 + (𝛼𝛼 − 𝛽𝛽𝐻𝐻0𝑃𝑃0 − 𝛾𝛾1𝐻𝐻0)𝑡𝑡 (25) 
𝐼𝐼1(𝑡𝑡) = 𝐼𝐼0 + (𝛽𝛽𝐻𝐻0𝑃𝑃0 − 𝛿𝛿𝐼𝐼0 − 𝜃𝜃𝐼𝐼0)𝑡𝑡 (26) 

𝑃𝑃1(𝑡𝑡) = 𝑃𝑃0 + ��𝛼𝛼𝑃𝑃𝑃𝑃0 �1 −
𝑃𝑃0
𝐾𝐾1
�� − 𝜋𝜋𝐵𝐵0𝑃𝑃0 − 𝛾𝛾2𝑃𝑃0� 𝑡𝑡 (27) 

𝐵𝐵1(𝑡𝑡) = 𝐵𝐵0 + ��𝛼𝛼𝐵𝐵𝐵𝐵0 �1 −
𝐵𝐵0
𝐾𝐾2
�� − 𝛾𝛾3𝐵𝐵0� 𝑡𝑡 (28) 

Similarly, for model II we have, 
𝑆𝑆1(𝑡𝑡) = 𝑆𝑆0 + (𝑖𝑖 − 𝛽𝛽𝑆𝑆0𝐹𝐹0 − 𝑑𝑑1𝑆𝑆0)𝑡𝑡   (29) 

𝐸𝐸1(𝑡𝑡) = 𝐸𝐸0 + (𝛽𝛽𝑆𝑆0𝐹𝐹0 − 𝜎𝜎𝐸𝐸0 − 𝑑𝑑2𝐸𝐸0)𝑡𝑡 (30) 
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𝐼𝐼1(𝑡𝑡) = 𝐼𝐼0 + (𝜎𝜎𝐸𝐸0 − 𝜙𝜙𝐼𝐼0)𝑡𝑡 (31) 
𝐹𝐹1(𝑡𝑡) = 𝐹𝐹0 + (𝜌𝜌𝐼𝐼0 − 𝑑𝑑3𝐹𝐹0)𝑡𝑡 (32) 

        
These approximate analytical expressions in Equations (17-32) are evaluated against the exact solution and the results are 
presented in the form of a graph. Wherever there is a deviation from the numerical solution, the error percentage is computed 
and presented in error in Tables 3 and 4. From Tables 3 and 4, based on the error percentages for each parameter, we can 
observe that the New Homotopy Perturbation Method is more efficient for both models I and II than the Adomian 
Decomposition Method and Variational Iteration Method as it converges to the numerical solution more or less accurately. 
 
 

Table 3. Error percentage for Model I at time 𝑡𝑡 = 1. 

Parameter Numerical Analytical 
  NHPM Error (%) ADM Error (%) VIM Error (%) 

𝛾𝛾1(𝐻𝐻) 0.4595 0.4595 0 0.4366 4.98 0.4485 2.39 
𝛿𝛿(𝐼𝐼) 0.3787 0.3782 0.13 0.3782 0.13 0.3775 0.32 
𝛼𝛼𝑃𝑃(𝑃𝑃) 0.2903 0.2896 0.24 0.2898 0.17 0.2895 0.28 
𝛾𝛾3(𝐵𝐵) 0.1723 0.1724 0 0.1724 0.06 0.1702 1.22 

Average error (%) 0.0925  1.3350  1.0525 
 
 

Table 4. Error percentage for Model II at time 𝑡𝑡 = 1. 

Parameter Numerical Analytical 
  NHPM Error (%) ADM Error (%) VIM Error (%) 

𝑑𝑑1(𝑆𝑆) 0.4767 0.4747 0.42 0.4752 0.31 0.4582 3.88 
𝜙𝜙(𝐼𝐼) 0.3179 0.3179 0 0.3180 0.03 0.3050 4.06 
𝑑𝑑3(𝐹𝐹) 0.3012 0.3013 0.03 0.3012 0 0.3013 0.03 

Average error (%) 0.1500  0.1133  2.6567 
 

4. OPTIMAL CONTROL  
The objective of constructing the optimal control model is to reduce the spread of the disease and to minimize the cost 
associated with treatments [20, 40-41]. The optimal control model for powdery mildew disease of mango fruit is constructed 
as follows, 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑖𝑖 − (1 − 𝑢𝑢1)𝛽𝛽𝛽𝛽𝛽𝛽 − 𝑑𝑑1𝑆𝑆    (33) 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= (1 − 𝑢𝑢1)𝛽𝛽𝛽𝛽𝛽𝛽 − (𝜎𝜎 − 𝑢𝑢2)𝐸𝐸 − 𝑑𝑑2𝐸𝐸 (34) 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= (𝜎𝜎 − 𝑢𝑢2)𝐸𝐸 − 𝜙𝜙𝜙𝜙 (35) 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= (𝜌𝜌 − 𝑢𝑢3)𝐼𝐼 − 𝑑𝑑3𝐹𝐹 (36) 

 
where 𝑢𝑢1,𝑢𝑢2,𝑢𝑢3 are control variables like the application of antifungal agents to inhibit germination of spores, post-harvest 
treatment like hot water dip or ultra-violet (UV) light that can reduce the progression of infection and rate of introducing 
microbial antagonists (ex., Bacillus or Trichoderma spp) to reduce the spore production on infected fruits. The total objective 
function is of the form, 

𝐽𝐽 = min
𝑢𝑢1,𝑢𝑢2,𝑢𝑢3

� �𝐴𝐴1𝐼𝐼 + 𝐴𝐴2𝐹𝐹 +
1
2
𝐵𝐵1𝑢𝑢12 +

1
2
𝐵𝐵2𝑢𝑢22 +

1
2
𝐵𝐵3𝑢𝑢32� 𝑑𝑑𝑑𝑑

𝑡𝑡𝑓𝑓

0

 (37) 

 
where 𝐴𝐴1𝐼𝐼,𝐴𝐴2𝐹𝐹 indicates the weight associated with reducing the infected mango and fungi population and  𝐵𝐵1 ,𝐵𝐵2,𝐵𝐵3  
indicates the relative cost for each control measure like the antifungal, post-harvest, and microbial treatment for the fungi 
removal. By Pontryagin’s Maximum Principle [42], the adjoint variables 𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4 are introduced to capture the 
sensitivity of the objective function concerning changes in state variables 𝑆𝑆,𝐸𝐸, 𝐼𝐼,𝐹𝐹. Thus the Hamiltonian function (𝐻𝐻) is 
constructed as, 
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𝐻𝐻 = 𝐴𝐴1𝐼𝐼 + 𝐴𝐴2𝐹𝐹 +
1
2
𝐵𝐵1𝑢𝑢12 +

1
2
𝐵𝐵2𝑢𝑢22 +

1
2
𝐵𝐵3𝑢𝑢32

                 +𝜆𝜆1(𝑖𝑖 − (1 − 𝑢𝑢1)𝛽𝛽𝛽𝛽𝛽𝛽 − 𝑑𝑑1𝑆𝑆)
                 +𝜆𝜆2�(1 − 𝑢𝑢1)𝛽𝛽𝛽𝛽𝛽𝛽 − (𝜎𝜎 − 𝑢𝑢2)𝐸𝐸 − 𝑑𝑑2𝐸𝐸�
                 +𝜆𝜆3�(𝜎𝜎 − 𝑢𝑢2)𝐸𝐸 − 𝜙𝜙𝜙𝜙�
                 +𝜆𝜆4(𝜌𝜌 − 𝑢𝑢3)𝐼𝐼 − 𝑑𝑑3𝐹𝐹

 

 

 
Then the adjoint equations are obtained by, 𝜕𝜕𝜆𝜆𝑖𝑖

𝜕𝜕𝜕𝜕
= −𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
, with transversality boundary condition 𝜆𝜆𝑖𝑖�𝑡𝑡𝑓𝑓� = 0. Thus, the adjoint 

equations for this optimal control model are given to be, 
 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −𝜆𝜆1(−(1 − 𝑢𝑢1)𝛽𝛽𝛽𝛽 − 𝑑𝑑1) − 𝜆𝜆2(1 − 𝑢𝑢1)𝛽𝛽𝛽𝛽    (38) 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −𝜆𝜆2(−(𝜎𝜎 − 𝑢𝑢2) − 𝑑𝑑2) − 𝜆𝜆3(𝜎𝜎 − 𝑢𝑢2) (39) 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −𝐴𝐴1 + 𝜆𝜆3𝜙𝜙 − 𝜆𝜆4(𝜌𝜌 − 𝑢𝑢3) (40) 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −𝐴𝐴2 + 𝜆𝜆4𝑑𝑑3 − 𝜆𝜆1(−(1 − 𝑢𝑢1)𝛽𝛽𝛽𝛽) − 𝜆𝜆2(1 − 𝑢𝑢1)𝛽𝛽𝛽𝛽 (41) 

 
The optimality of the control problem is obtained by, 

𝑢𝑢𝑖𝑖∗(𝑡𝑡) =
𝜕𝜕𝜕𝜕
𝜕𝜕𝑢𝑢𝑖𝑖

 (42) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝑢𝑢1

= 𝐵𝐵1𝑢𝑢1 + 𝛽𝛽𝛽𝛽𝛽𝛽𝜆𝜆1 − 𝛽𝛽𝛽𝛽𝛽𝛽𝜆𝜆2 (43) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝑢𝑢2

= 𝐵𝐵2𝑢𝑢2 + 𝜆𝜆2𝐸𝐸 − 𝜆𝜆3𝐸𝐸 (44) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝑢𝑢3

= 𝐵𝐵3𝑢𝑢3 − 𝜆𝜆4𝐼𝐼   (45) 

 
Thus, the compact form of the solution 𝑢𝑢1∗(𝑡𝑡),𝑢𝑢2∗(𝑡𝑡),𝑢𝑢3∗(𝑡𝑡) is given as follows, 
 

𝑢𝑢1∗(𝑡𝑡) = min �max �0,
𝛽𝛽𝛽𝛽𝛽𝛽(𝜆𝜆2 − 𝜆𝜆1)

𝐵𝐵1
� , 1�  (46) 

𝑢𝑢2∗(𝑡𝑡) = min �max �0,
𝐸𝐸(𝜆𝜆3 − 𝜆𝜆2)

𝐵𝐵2
� , 1� (47) 

𝑢𝑢3∗(𝑡𝑡) = min �max �0,
𝜆𝜆4𝐼𝐼
𝐵𝐵3
� , 1� (48) 

 
      The optimal control model in Equations (33-36) and model II in Equations (5-8) are plotted and the results are presented 
in the form of a graph from Figures 3-6.  Figures 3 and 4 show that optimal control measures, such as the application of 
antifungal agents to inhibit the germination of spores 𝑢𝑢1, post-harvest treatment like hot water dip or UV light that can 
reduce the progression of infection 𝑢𝑢2, lead to an increase in susceptible and exposed mango fruits over time. These 
interventions effectively reduce the infection rate, allowing more fruits to remain in the susceptible or exposed stages 
without advancing to the infected stage. From Figures 5 and 6 we can see that, as the objective function is formulated to 
minimize the infected mango fruit and fungal population, we have attained the desired result. The curve representing infected 
mango fruits under optimal control is significantly lower compared to the scenario without control. Under optimal control 
conditions like the rate of introducing microbial antagonists 𝑢𝑢3, the fungal population is significantly reduced due to the 
disruption of the fungus's reproduction and spread. We have also presented data which shows the costs corresponding to the 
treatments in Table 5. 
       Although the proposed optimal control strategies provide a solid mathematical foundation for managing disease, their 
implementation in actual scenarios may face several obstacles. Field conditions often involve limited or imprecise real-time 
data on fungal infection levels and environmental factors. Additionally, timely execution of biological or chemical control 
methods may be hindered by constraints such as limited resources, labor shortages, or unpredictable weather. To address 
these challenges, future studies could focus on integrating the model with precision agriculture technologies, including 
automated disease detection systems, weather-based alerts, and adaptive control mechanisms capable of real-time responses. 
Engaging with agricultural practitioners and factoring in cost-effectiveness during the design of control strategies could 
further improve the model’s practical viability. 
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Figure 3. Susceptible mango vs time. 

 
Figure 4. Exposed mango vs time. 

 

 
Figure 5. Infected mango vs time. 

 

 
Figure 6. Fungal population vs time. 

 
  

Table 5. Costs associated with each control measure and used for simulations. 

Symbols Description Value 
𝐴𝐴1 Weight associated with reducing infected mango plant 1 
𝐴𝐴2 Weight associated with reducing the fungal population 1 
𝐵𝐵1 Weight on the cost of antifungal agents to inhibit germination of spores 0.9 
𝐵𝐵2 Weight on the cost of post-harvest treatment like hot water dip or UV light 0.9 
𝐵𝐵3 Weight on the cost of microbial antagonists (ex., Bacillus or Trichoderma spp) to 

reduce the spore production 
0.9 

 

5. RESULTS AND DISCUSSIONS 
In this section, we will discuss in detail the behavior of the parameters for each system. The approximate analytical 
expressions for Model I and Model II are derived using the New Homotopy Perturbation Method (Equations (9-16)), 
Adomian Decomposition Method (Equations (17-24)) and Variational Iteration Method (Equations (25-32)) and verified for 
its accuracy against the numerical solution using MATLAB’s ode45 function. The results are presented in the form of a 
graph. In every graph, the blue solid line represents the numerical solution, and the dashed line, star, square markers 
represent the analytical solution of NHPM, ADM, and VIM methods. 
      Figures 7 to 10 represent the behavior representation of parameters in Equations (1-4). A higher growth rate 𝛼𝛼 implies 
that the mango plants are proliferating at a faster rate which is evident in Figure 7(a), offsetting any losses from infections or 
natural death. From Figure 7(b) we see that the infection rate coefficient 𝛽𝛽, which controls the transition of healthy mango 
plants to infected states, has a significant negative impact on the population of healthy plants; for higher values of the 
infection rate coefficient, the rate at which healthy plants become infected accelerates, resulting in a rapid decline in the 
healthy mango population 𝐻𝐻(𝑡𝑡). High natural mortality 𝛾𝛾1 lowers the capacity of the healthy plant population as shown in 
Figure 7(c) to sustain itself, exacerbating the effects of infection and making the decline in healthy hosts more severe. Over 
time, the number of infected mango plants 𝐼𝐼(𝑡𝑡) is directly and significantly impacted by the infection rate coefficient 
parameter 𝛽𝛽. The population of diseased plants grows in tandem with the rate at which healthy plants become infected, 
which increases as this parameter rises and is displayed in Figure 8(a). The population of diseased plants is suppressed by the 
recovery rate parameter 𝛿𝛿, which shows how quickly infected plants recover and return to a healthy state. The recovery rate 
(𝛿𝛿), depicted in Figure 8(b), has the opposite effect, higher 𝛿𝛿 values result in a gradual decline in the infected population. 
Figure 8(c) highlights the role of the disease-induced mortality rate (𝜃𝜃); increasing 𝜃𝜃 accelerates the removal of infected 
individuals, leading to a more rapid decrease in 𝐼𝐼(𝑡𝑡).  
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(a) 

 
(b) 

 

 
(c) 

Figure 7. The rate of healthy mango with respect to the parameters (a) Birth rate of healthy hosts 𝛼𝛼, (b) Infection rate 
coefficient 𝛽𝛽, (c) Natural death rate of healthy hosts 𝛾𝛾1. 

 
 

 
(a) 

 
(b) 

 

 
(c) 

Figure 8. The rate of infected mangoes concerning the parameters (a) Infection rate coefficient 𝛽𝛽, (b) Recovery rate of 
infected hosts 𝛿𝛿, (c) Disease induced mortality rate of infected hosts 𝜃𝜃. 

 

Time (t)
0 0.2 0.4 0.6 0.8 1

H
ea

lth
y 

M
an

go
 (H

)

0.5

1

1.5

2

2.5

3

3.5

4
Numerical
NHPM
ADM
VIM

 = 3.3  = 0.2 = 0.6 = 1.2 = 2.2

Time (t)
0 0.2 0.4 0.6 0.8 1

H
ea

lth
y 

M
an

go
 (H

)

0.4

0.45

0.5

0.55

0.6

0.65

0.7

Numerical
NHPM
ADM
VIM

 = 1.5 = 1.1 = 0.08 = 0.01  = 2

Time (t)
0 0.2 0.4 0.6 0.8 1

H
ea

lth
y 

M
an

go
 (H

)

0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

0.7
Numerical
NHPM
ADM
VIM

1
 = 0.3

1
 = 0.1

1
 = 0.001 1

 = 0.5
1

 = 0.8

Time (t)
0 0.2 0.4 0.6 0.8 1

In
fe

ct
ed

 m
an

go
 (I

)

0.392

0.394

0.396

0.398

0.4

0.402

0.404

0.406

0.408
Numerical
NHPM
ADM
VIM

 = 0.01 = 0.03 = 0.05 = 0.08 = 1

Time (t)
0 0.2 0.4 0.6 0.8 1

	
In

fe
ct

ed
 M

an
go

 (I
)

0.375

0.38

0.385

0.39

0.395

0.4

Numerical
NHPM
ADM
VIM

 = 0.01  = 0.03  = 0.05 = 0.02  = 0.04

Time (t)
0 0.2 0.4 0.6 0.8 1

In
fe

ct
ed

 M
an

go
 (I

)

0.32

0.34

0.36

0.38

0.4

0.42

Numerical
NHPM
ADM
VIM

 = 0.2 = 0.08 = 0.05 = 0.03 = 0.01



 K. VAISHNAVI AND R. MALINIDEVI, APPLICATIONS OF MODELLING AND SIMULATION, 9, 2025, 174-188.  
 

182 
 

Surprisingly, in Figure 9(a) when the pathogen's intrinsic growth rate 𝛼𝛼𝑃𝑃 increases, the pathogen population 𝑃𝑃(𝑡𝑡) 
gradually declines. This points to a feedback mechanism in which the pathogen's quick spread exhausts resources (such as 
vulnerable hosts or environmental nutrients), ultimately reducing its own growth and resulting in a decline. A decrease in the 
pathogen population over time observed in Figure 9(b) is closely correlated with an increase in the biological control agents' 
ability 𝜋𝜋 to reduce the pathogen population. Similarly, increasing the natural mortality rate (𝛾𝛾2) reduces the pathogen 
population more sharply, as demonstrated in Figure 9(c). Figure 10(a) indicates that as the biological control agent's growth 
rate 𝛼𝛼𝐵𝐵 increases, its population increases over time. The figures demonstrate a positive relationship between the growth rate 
parameter and population size, with higher growth rates leading to faster and more significant increases in the biological 
control agent population 𝐵𝐵(𝑡𝑡). In contrast, Figure 10(b) shows that increasing the natural death rate (𝛾𝛾3) leads to a 
pronounced decline in their population, underscoring the sensitivity of biological control sustainability to mortality factors. 

 
 

 
(a) 

 
(b) 

 

 
(c) 

Figure 9. The rate of fungal pathogen Oidium mangiferae population concerning the parameters (a) Growth rate of the 
pathogen 𝛼𝛼𝑃𝑃, (b) Effectiveness of the biological control agent in reducing the pathogen population 𝜋𝜋, (c) Natural death rate 

of pathogen 𝛾𝛾2. 
 
 

 
(a) 

 
(b) 

Figure 10. The rate of biological control agent Ampelomyces quisqualis population concerning the parameters (a) Growth 
rate of the biological control agent 𝛼𝛼𝐵𝐵, (b) Natural death rate of biological control agent 𝛾𝛾3. 
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 Figures 11 to 13 represents the behavior representation of parameters in system (2). The susceptible mango fruit 
population 𝑆𝑆(𝑡𝑡) grows as the natural fruit production rate parameter 𝑖𝑖 increases which can be noted in Figure 11(a). The 
figures show that higher production rates result in a larger pool of susceptible fruits over time, indicating a robust 
replenishment mechanism. However, as shown in Figure 11(b), increasing the infection rate (𝛽𝛽) reduces 𝑆𝑆(𝑡𝑡) due to more 
fruits transitioning to the infected class. Likewise, Figure 11(c) reveals that higher decay rates (𝑑𝑑1) lead to a quicker decline 
in susceptible fruits, representing intrinsic deterioration or damage. The death rate of infected fruits represents the rate at 
which infected fruits are removed from the population due to factors such as disease-induced degradation, natural 
senescence, or external interventions (e.g., manual removal of infected fruits). The infected fruit population 𝐼𝐼(𝑡𝑡) declines 
with increasing death rates (𝜙𝜙), as seen in Figure 12(a), reflecting removal due to disease or external factors. Figure 12(b) 
shows that the transition rate from exposed to infected fruits (𝜎𝜎) determines how rapidly fruits become actively infected; 
higher values of 𝜎𝜎 lead to quicker disease progression. One important source term in the differential equation that models the 
fungal population is the rate at which spores are produced from infected fruits. The rate of spore generation 𝜌𝜌 is directly 
correlated with fungal population 𝐹𝐹(𝑡𝑡). A net increase in the size of the fungus population is seen in Figure 13(a) which 
results in acceleration of the influx of new spores into the population as the parameter value rises. The fungal population's 
differential equation includes a loss factor that is influenced by the spores' inherent rate of decay 𝑑𝑑3. Figure 13(b) shows that 
the spore decay rate (𝑑𝑑3) reduces 𝐹𝐹(𝑡𝑡), although fungi may counterbalance this through increased production and 
germination. The analytical results align closely with numerical simulations, validating the model. Any deviations were 
quantified through error percentage comparisons between analytical approximations and numerical results, as shown in 
Tables 3 and 4. 
 
 

 
(a) 

 
(b) 
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Figure 11. The rate of susceptible mango fruit concerning the parameters (a) Natural fruit production rate 𝑖𝑖, (b) Rate of 
infection from spores to susceptible fruits 𝛽𝛽, (c) Natural decay rate of susceptible fruits 𝑑𝑑1. 
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(b) 

Figure 12. The rate of infected mango fruit concerning the parameters (a) Abscission rate or death rate of infected fruits 𝜙𝜙, 
(b) Rate at which exposed fruits turn into infected fruits 𝜎𝜎. 
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(b) 

Figure 13. The rate of fungal pathogen Oidium mangiferae population concerning the parameters (a) Rate of spore 
production from infected fruits 𝜌𝜌, (b) Natural decay rate of fungal spores 𝑑𝑑3. 

This study presumes constant parameter values throughout the temporal domain, thereby streamlining the analytical 
framework. However, such an assumption may not adequately capture the complexity of real-world dynamics. In reality, 
variables such as the proliferation rate of fungi, transmission intensity, and the success of bio-control measures are subject to 
fluctuation due to external factors including ambient temperature, atmospheric moisture, and periodic environmental 
changes. Future studies could benefit from exploring formulations that incorporate temporally adaptive parameters or 
environmentally driven functions to better reflect these evolving mechanisms. The integration of observed climatic datasets 
or the linkage of the model to agro-meteorological platforms may substantially improve forecasting capability and broaden 
its utility across diverse ecological contexts. 

6. CONCLUSION  
This study has developed mathematical models to understand fungal dynamics in mango fruits and manage powdery mildew 
in mango trees. By incorporating optimal control strategies, the optimal value for the control variable parameters 𝑢𝑢1,𝑢𝑢2,𝑢𝑢3 
have been derived which is efficient in disease control and cost reduction. New Homotopy Perturbation Method, Adomian 
Decomposition Method, and Variational Iteration Method yielded accurate analytical solutions which are validated against 
numerical solutions. Error and graphical analyses confirm the models' reliability and precision. The average error percentage 
indicates that the New Homotopy Perturbation Method is more efficient than other analytical techniques. Combining 
biological insights with mathematical methods, this work provides practical solutions for a pressing agricultural challenge. 
Future research could expand upon this study by integrating more complex environmental and ecological factors into the 
models, such as climate variability, host genetic diversity, and interspecies interactions. Field trials to experimentally 
validate the proposed models would further demonstrate their practical applicability.  
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APPENDIX 
Application of New Homotopy Perturbation Method 
We construct the homotopy for the equation as follows, 
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Then we replace each compartment in the form of a series as, 
 

𝑣𝑣 = 𝑣𝑣0 + 𝑝𝑝𝑣𝑣1 + 𝑝𝑝2𝑣𝑣2 + ⋯  
 
Comparing the coefficients of like powers of 𝑝𝑝, we get, 
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Then on integrating Equations (57-64), we arrive at the approximate analytical expression as given in Equations (9-16). 
 
Application of Adomian Decomposition Method 

On applying the differential and integration operator 𝐿𝐿 and 𝐿𝐿−1 after decomposing the equation into linear, non-linear, 
remaining linear terms and assuming the solution to be in the form of a power series for Equations (9-16), we have, 
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The non-linear terms are derived with the help of the Adomian polynomial which are given below, 
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where, 
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On expanding the series and integrating we get the approximate analytical expression as given in Equations (17-24). 
 
Application of Variational Iteration Method 
The general form of a correctional function is, 
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yn+1(x) = yn + �λ{Lyn(s) + Nyn�(s) − g(s)ds}
x

0

  

where 𝜆𝜆 is a Lagrangian multiplier and is expressed as 𝜆𝜆(𝜂𝜂) = (−1)𝑛𝑛

(𝑛𝑛−1)!
(𝜂𝜂 − 𝑡𝑡)𝑛𝑛−1and here 𝑛𝑛 is the highest order of the 

differential equation. For our system as the highest order is 1, the lagragian multiplier becomes -1. Based on this the 
correctional function of the system is, 
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0
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𝐸𝐸𝑛𝑛+1(𝑡𝑡) = 𝐸𝐸0 + �(𝛽𝛽𝑆𝑆𝑛𝑛𝐹𝐹𝑛𝑛 − 𝜎𝜎𝐸𝐸𝑛𝑛 − 𝑑𝑑2𝐸𝐸𝑛𝑛)
𝑡𝑡

0

𝑑𝑑𝑑𝑑    (78) 

𝐼𝐼𝑛𝑛+1(𝑡𝑡) = 𝐼𝐼0 + �(𝜎𝜎𝐸𝐸𝑛𝑛 − 𝜙𝜙𝐼𝐼𝑛𝑛)
𝑡𝑡

0

𝑑𝑑𝑑𝑑 (79) 
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𝑑𝑑𝑑𝑑 (80) 

 
And then, when 𝑛𝑛 = 0, we arrive at the approximate analytical expression as given from Equations (25-32). 
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