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Abstract: Proton exchange membrane fuel cells (PEMFCs) have drawn much attention lately for their parameter extraction. 
It is important to carefully determine the optimal values of the uncertain parameters in the PEMFC model to guarantee accuracy 
and dependability. However, because of their nonlinearity and multi-variability, PEMFC modeling and optimization present a 
significant difficulty. Therefore, an improved atomic orbital search algorithm based on Lévy flight and chaotic maps, called 
CLAOS, was proposed in this study for the PEMFC parameter estimation problem, where the sum of square error was 
minimized. In order to test the effect of the Levy flight and chaotic maps on the performance of the Atomic Orbital Search 
(AOS) algorithm, ten different AOS variations were created and applied to solve the CEC2020 and CEC2022 benchmark 
problem suites. Their results were analyzed using Friedman and Wilcoxon tests, and the best variant was called the CLAOS 
algorithm. To validate the effectiveness of the proposed CLAOS, extensive simulations and performance evaluations were 
conducted on the PEMFCs model, where a 250W PEMFC stack was considered. Two search ranges for the unknown 
parameters and two operational conditions were considered. The performance of the proposed algorithm was compared with 
the six meta-heuristic search algorithms. Accordingly, the proposed algorithm achieved 4.722489 and 0.152027 for Case-1 
and Case-2, respectively, which were the best objective function values among its rivals. Moreover, the results of the CLAOS 
algorithm were compared with the results reported in the literature for both cases. Accordingly, the CLAOS achieved the 
minimum error value compared to its rivals for both cases. To evaluate the performance of the algorithms statistically, the 
Friedman and Wilcoxon tests were applied to the results of the algorithms. The Friedman test results show that the proposed 
CLAOS algorithm ranked first with 1.1667 and 1.0000 score values for Case-1 and Case-2, respectively. All simulation and 
analysis results demonstrated that the proposed algorithm outperformed its rivals in solving the PEMFC parameter estimation 
problem. 
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1. INTRODUCTION 
Researchers have recently focused more on developing new technologies in power generation systems due to rising energy 
demand, depletion of traditional fuel sources, and environmental pollution. Fuel cells (FCs), among the most popular new 
technologies, are a promising option due to their low environmental impact, high efficiency, and low noise [1, 2]. Fuel cells 
produce electrical energy through the chemical conversion of fuel and an oxidant [3]. There are many different kinds of FCs, 
but because of their high-power efficiency, low operating temperature, and lack of contamination, proton exchange membrane 
fuel cells (PEMFCs) are the subject of extensive research and show great potential for a wide range of applications [1-3]. The 
efficient design of PEMFC systems requires accurate models. The polarization curve of the PEMFC, a crucial feature that 
illustrates the connection between the output voltage and current, is typically the focus of the modeling [1]. A popular and 
helpful modeling strategy is to build mathematical models based on empirical or semi-empirical equations. However, the 
estimation of the unknown parameters of the PEMFC model is difficult because of their multi-variable, highly non-linear, and 
tightly coupled nature [2]. Furthermore, since numerous local minima are encountered in the PEMFC parameter estimation 
problem, classical optimization techniques are not preferred [4]. 

Recently, owing to the important developments of artificial intelligence-based methodologies, numerous researchers have 
employed meta-heuristic search (MHS) algorithms to extract the undefined parameters of the PEMFC model. Considering the 
PEMFC parameter estimation as an optimization problem, MHS algorithms are the most dependable and efficient technique 
for application. Some of the MHS algorithms, that have been employed, are bald eagle search algorithm [2], real coded genetic 
algorithm [5], grey wolf optimization algorithm [6], multi-verse optimizer [7], slime mould algorithm [8], gradient-based 
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optimizer [9], honey badger optimizer [10], prairie dog optimization algorithm [11], and many more [11-14]. On the other 
hand, researchers have applied improved MHS algorithms to solve the PEMFC parameter estimation problem. Some of these 
improved MHS algorithms are a hybrid adaptive differential evolution algorithm [15], modified monarch butterfly 
optimization algorithm [16], improved barnacle mating optimizer [17], improved artificial ecosystem optimizer [18], hybrid 
sine-cosine crow search algorithm [19], enhanced transient search optimization algorithm [20], improved bonobo optimizer 
[21], improved crow search algorithm [22], improved red fox optimizer [23], repairable grey wolf optimization algorithm [24], 
improved fish migration optimization [25], improved artificial bee colony algorithm [26], a hybrid algorithm including the 
osprey optimization algorithm and the coati optimization algorithm [27], and many more [28-32]. Besides, to improve the 
performance of algorithms, the chaos theory and Levy flight are also used in the literature. Askarzadeh and dos Santos Coelho 
[33] improved the backtracking search algorithm by using chaotic map, which was used to solve the PEMFC parameter 
estimation problem. Yuan et al. [34] developed the coyote optimization algorithm including the chaotic map and Lévy flight 
(LF) mechanism for determining the model parameters of PEMFCs. Özdemir [35] proposed an improved particle swarm 
optimization algorithm using chaotic maps to identify three types of PEMFCs. Qin et al. [36] improved the fluid search 
optimization algorithm based on the chaos theory to optimize the parameters of three types of PEMFCs. Ćalasan et al. [37] 
proposed an improved evaporation rate water cycle algorithm using chaotic maps for extracting the unidentified parameters of 
the BCS 500 W and Ballard Mark V 5 kW stacks. Xuebin et al. [12] presented a comparative study based on artificial 
hummingbird algorithm and improved artificial hummingbird algorithm using Lévy flight for identifying the unknown 
parameters of the PEMFC stacks. The literature review indicates that identifying uncertain parameters in PEMFCs is a 
significant area of research. Numerous optimization techniques have been proposed to achieve lower errors, enhance 
convergence speed, and improve statistical performance. The “No Free Lunch” theory influences the competition, which 
suggests that no unique algorithm can effectively address all engineering optimization problems. 

The aforementioned has encouraged the author to investigate the solution to the PEMFC parameter estimation problem 
by improving the performance of the atomic orbital search (AOS) algorithm proposed by Azizi [38] in the literature in 2021. 
The fundamental idea of the AOS algorithm is derived from quantum physics, which applies some of the ideas of quantum 
mechanics, and the quantum-based atomic model, which places electron placements surrounding the nucleus in context. The 
AOS algorithm has been used in varying optimization problems. In this context, Ali et al. [39] used the AOS algorithm to 
extract the unknown parameters of solar cells. Azizi et al. [40] applied the AOS to solve various engineering design problems. 
Compared to other meta-heuristic optimization techniques, the AOS has yielded encouraging results. However, the practical 
implementation of the system has revealed some drawbacks. Specifically, the original version of the algorithm lacks adequate 
exploration. It fails to balance exploration and exploitation, leading to premature convergence and stagnation at a local 
optimum. 

The literature shows that modeling the complex PEMFC model yields favorable results when employing MHS algorithms. 
In this context, the primary contribution of this paper is the development of an enhanced version of the AOS algorithm, which 
tackles the parameter extraction problem of the PEMFC model for the first time. When solving the PEMFC parameter 
estimation problem, the AOS algorithm encountered issues like premature convergence and local minima. Therefore, the 
chaotic map functions and Lévy flight were integrated into the AOS algorithm to overcome these disadvantages. Thus, the aim 
was to increase the AOS’s exploration ability and establish a good balance between exploration and exploitation of the AOS 
algorithm. In this study, the proposed algorithm was called a chaotic and Lévy based atomic orbital search (CLAOS) algorithm. 
Thus, the main contributions of this paper are summarized as follows: 

• A robust MHS algorithm called the CLAOS algorithm was presented to the literature. 
• Evaluation of the CLAOS algorithm on CEC2020 and CEC2022 benchmark problems shows its superiority over the 

basic AOS algorithm. 
• The fact that CLAOS works well for extracting parameters in the PEMFC model under a range of operating conditions 

shows that it is better than the base AOS algorithm. 
• The CLAOS algorithm has achieved the best optimal solutions among the six most commonly used MHS algorithms 

in the literature in solving the PEMFC parameter estimation problem. 
• A comprehensive analysis using statistical analysis methods, namely Friedman and Wilcoxon tests, was carried out 

to validate the proposed algorithm's performance in solving the benchmark problems and the PEMFC parameter 
estimation problem. 

The remaining part of the study is organized as follows: Section 2 presents the modeling of the PEMFC and the objective 
function considered in the study. Section 3 presents an overview of the AOS algorithm, the definition of the Lévy flight, an 
overview of the chaotic map functions, and the design of the proposed algorithm. Section 4 gives the results of the proposed 
algorithm, and the base algorithm obtained from both benchmark problems and the PEMFC parameter estimation problem. 
Section 5 presents the conclusion of the study. 

2. PROBLEM FORMULATION 

2.1 Modeling of PEMFC 
A type of fuel cell called PEMFC uses an electrochemical reaction with oxygen to transform chemical energy from hydrogen 
into electrical energy. The catalyst, anode and cathode electrodes, fuel cell stack, and proton exchange membrane are the 
essential parts of a PEMFC. The anode and cathode sides supply different gases into PEMFCs, with the anode feeding 
hydrogen-containing gases and the cathode feeding oxygen-containing gases, respectively [1-4]. The electrochemical reactions 
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can be represented as [4]: 
 
 1

2
𝑂𝑂2 + 𝐻𝐻2 → 𝐻𝐻2𝑂𝑂 + 𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻 + 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸  (1) 

 
As a result of the reaction, heat, DC electricity and water vapor are produced. The DC voltage at the PEMFC output is 

caused by some voltage losses such as ohmic (Vohmic) loss, concentration (Vconc) loss, and activation (Vact) loss. The definition 
of a single PEMFC voltage is as follows [4]: 
 
 𝑉𝑉𝐹𝐹𝐹𝐹 = −(𝑉𝑉𝑜𝑜ℎ𝑚𝑚𝑚𝑚𝑚𝑚 + 𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑎𝑎𝑎𝑎𝑎𝑎) + 𝐸𝐸𝑛𝑛  (2) 
 
where En is the Nernst voltage given in Equation (3) [4].  
 
 𝐸𝐸𝑛𝑛 = 4.3085 × 10−5 ∗ 𝑇𝑇 ∗ 𝐼𝐼𝐼𝐼�𝑃𝑃𝐻𝐻2�𝑃𝑃𝑂𝑂2� − 0.85 ∗ 10−3 × (𝑇𝑇 − 298.15)  (3) 
 

In Equation (3), 𝑃𝑃𝐻𝐻2 and 𝑃𝑃𝑂𝑂2  are the partial gas pressures of oxygen and hydrogen (atm), respectively, and T represents 
the cell’s temperature (K). When the reactants are air and H2, 𝑃𝑃𝑂𝑂2  is calculated by Equation (4). In both cases of reactive 
conditions, 𝑃𝑃𝐻𝐻2 is calculated by Equation (5) [4]. 

 𝑃𝑃𝑂𝑂2 = �𝑅𝑅𝑅𝑅𝑐𝑐 ∗ 𝑃𝑃𝐻𝐻2𝑂𝑂
𝑠𝑠𝑠𝑠𝑠𝑠 � × ��𝑒𝑒𝑒𝑒𝑒𝑒 �4.192(𝐼𝐼/𝐴𝐴)

𝑇𝑇1.334 � ∗ �
𝑅𝑅𝑅𝑅𝑐𝑐∗𝑃𝑃𝐻𝐻2𝑂𝑂

𝑠𝑠𝑠𝑠𝑠𝑠

𝑃𝑃𝑐𝑐
��

−1

− 1�  (4) 

 

 𝑃𝑃𝐻𝐻2 = 0.5�𝑅𝑅𝑅𝑅𝑎𝑎 ∗ 𝑃𝑃𝐻𝐻2𝑂𝑂
𝑠𝑠𝑠𝑠𝑠𝑠 � × ��𝑒𝑒𝑒𝑒𝑒𝑒 �1.635(𝐼𝐼/𝐴𝐴)

𝑇𝑇1.334 � ∗ �
𝑅𝑅𝑅𝑅𝑎𝑎∗𝑃𝑃𝐻𝐻2𝑂𝑂

𝑠𝑠𝑠𝑠𝑠𝑠

𝑃𝑃𝑎𝑎
��

−1

− 1�  (5) 

In Equations (4) and (5), 𝑅𝑅𝑅𝑅𝑐𝑐  and 𝑅𝑅𝑅𝑅𝑎𝑎 represent the relative humidity of the vapor in the electrodes, respectively. Pc and 
Pa represent the cathode and anode inlet pressures (atm), respectively. 𝑃𝑃𝐻𝐻2𝑂𝑂

𝑠𝑠𝑠𝑠𝑠𝑠  is the saturation pressure of water vapor (atm) 
represented as follows [4]: 
 
 𝑙𝑙𝑙𝑙𝑙𝑙10�𝑃𝑃𝐻𝐻2𝑂𝑂

𝑠𝑠𝑠𝑠𝑠𝑠 � = 2.95 × 10−2(𝑇𝑇 − 273.15) − 9.18 × 10−5(𝑇𝑇 − 273.15)2 + 1.44 × 10−7(𝑇𝑇 − 273.15)3 − 2.18  (6) 
 

Based on the cell’s operating region, PEMFCs typically have three overpotentials: activation voltage in the lower current 
region, voltage drop due to ohmic resistance, and concentration overvoltage in the higher current region. The activation voltage 
drop is represented by Vact computed using the following mathematical formula [4]: 
 
 𝑉𝑉𝑎𝑎𝑎𝑎𝑎𝑎 = −�𝜉𝜉3𝐼𝐼𝐼𝐼 �

𝑃𝑃𝑂𝑂2
5.08×106𝑒𝑒𝑒𝑒𝑒𝑒−(498/𝑇𝑇)� + 𝜉𝜉2𝑇𝑇 + 𝜉𝜉1� + 𝜉𝜉4𝑇𝑇𝑇𝑇𝑇𝑇�𝐼𝐼𝑓𝑓𝑓𝑓�  (7) 

 
where ξ1, ξ2, ξ3, and ξ4 are semi-empirical parameters, and 𝐼𝐼𝑓𝑓𝑓𝑓  is the stack current. The Vohmic can be computed as [4]: 
 
 𝑉𝑉𝑜𝑜ℎ𝑚𝑚𝑚𝑚𝑚𝑚 = 𝐼𝐼𝑓𝑓𝑓𝑓(𝑅𝑅𝑚𝑚 + 𝑅𝑅𝑐𝑐) = 𝐼𝐼𝑓𝑓𝑓𝑓 �

𝜌𝜌𝑚𝑚𝑙𝑙
𝐴𝐴

+ 𝑅𝑅𝑐𝑐�  (8) 
 
where 𝑅𝑅𝑚𝑚 and 𝑅𝑅𝑐𝑐 are the resistances of membrane and connections, respectively.  𝜌𝜌𝑚𝑚 is the membrane resistivity calculated 
using Equation (9) [4].  
 

 𝜌𝜌𝑚𝑚 =
181.6�1+0.03�

𝐼𝐼𝑓𝑓𝑓𝑓
𝐴𝐴 �+0.062� 𝑇𝑇

303�
2
�
𝐼𝐼𝑓𝑓𝑓𝑓
𝐴𝐴 �

2.5
�

�𝜆𝜆−0.634−3�
𝐼𝐼𝑓𝑓𝑓𝑓
𝐴𝐴 ��exp �4.18�𝑇𝑇−303𝑇𝑇 ��

  (9) 

 
The concentration voltage drop is defined in Equation (10), where Jmax and J are the cell’s maximum current and current 

density [4]. 
 
 𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = −𝛽𝛽𝛽𝛽𝛽𝛽 � 𝐽𝐽

𝐽𝐽𝑚𝑚𝑚𝑚𝑚𝑚
�  (10) 

 
On the other hand, many PEMFCs are connected in series to generate a larger voltage that meets the application’s needs. 

Equation (11), where Nc is the series-connected fuel cell, can be used to estimate the total theoretical net stack voltage [4]. 
 
 𝑉𝑉𝑠𝑠 = 𝑁𝑁𝑐𝑐 ∗ (−(𝑉𝑉𝑜𝑜ℎ𝑚𝑚𝑚𝑚𝑚𝑚 + 𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑉𝑉𝑎𝑎𝑎𝑎𝑎𝑎) + 𝐸𝐸𝑛𝑛)  (11) 

2.2 Objective Function 
In the mathematical model of the PEMFC cell, seven unknown parameters need to be identified. Accordingly, the goal is to 
minimize the relevant objective function by determining the optimal values for these parameters in the parameter estimation 
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of the PEMFC problem. This study considers the objective function as the sum of the square errors (SSE). When calculating 
the SSE value, the error is the difference between the actual and estimated output voltage. Then, the square of the sum of these 
error values is calculated. As a result, the problem formulation of the PEMFC parameter estimation problem can be defined as 
[4]: 
 
 𝑂𝑂𝑂𝑂 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑆𝑆𝑆𝑆𝑆𝑆(𝒙𝒙) = ∑ �𝑉𝑉𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑,𝑗𝑗 − 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚,𝑗𝑗�

2𝑁𝑁
𝑗𝑗=1 , where 𝒙𝒙 = [𝜉𝜉1, 𝜉𝜉2, 𝜉𝜉3, 𝜉𝜉4, 𝜆𝜆,𝑅𝑅𝑐𝑐 ,𝛽𝛽]  (12) 

 
where Vdata  and Vmeas are the experimental and measured voltage, respectively, N is the number of data. 
 
3. PROPOSED ALGORITHM 

3.1 Overview of Atomic Orbital Search Algorithm 
The AOS is a population-based MHS optimization algorithm introduced by Azizi in 2021 [38]. It is based on quantum physics 
and describes the locations of electrons around a nucleus by combining ideas from the atomic model and quantum mechanics. 
In this algorithm, the electrons in the orbitals around a nucleus are denoted as the solution candidates. The search space is the 
distributed volume of electrons surrounding the nucleus, separated into thin, spherical, and concentric layers. Each electron is 
associated with a solution candidate within this search space, and certain decision variables determine their positions. Every 
electron in the quantum-based atomic model has an energy state, represented mathematically as a solution candidate’s objective 
function value. Higher energy levels are associated with solution candidates having worse objective function values, whereas 
lower energy levels are associated with those with better objective function values [38]. 

Similar to other population-based MHS algorithms, the initial positions of electrons in the electron cloud are randomly 
generated using Equation (13) in the AOS algorithm [38].  
 
 𝑧𝑧𝑗𝑗𝑖𝑖 = 𝑧𝑧𝑗𝑗,𝑚𝑚𝑚𝑚𝑚𝑚

𝑖𝑖 + 𝑟𝑟�𝑧𝑧𝑗𝑗,𝑚𝑚𝑚𝑚𝑚𝑚
𝑖𝑖 − 𝑧𝑧𝑗𝑗,𝑚𝑚𝑚𝑚𝑚𝑚

𝑖𝑖 �, 𝑗𝑗 = 1,2, … , 𝑠𝑠;  𝑖𝑖 = 1,2, … ,𝑑𝑑  (13) 
 

In Equations (14) and (15), 𝑍𝑍𝑗𝑗
𝑞𝑞  and 𝐸𝐸𝑗𝑗

𝑞𝑞 are the jth solution candidate and its objective function value in the qth imaginary 
layer. n and d are the maximum number of imaginary layers and the problem dimension, respectively [38].  
 

 𝑍𝑍𝑞𝑞 =

⎣
⎢
⎢
⎢
⎡𝑍𝑍1

𝑞𝑞

⋮
𝑍𝑍𝑗𝑗
𝑞𝑞

⋮
𝑍𝑍𝑠𝑠𝑛𝑛⎦
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎡𝑧𝑧1
1 ⋯ 𝑧𝑧1𝑖𝑖 ⋯ 𝑧𝑧1𝑑𝑑
⋮ ⋱ ⋮ ⋱ ⋮
𝑧𝑧𝑗𝑗1 ⋯ 𝑧𝑧𝑗𝑗𝑖𝑖 ⋯ 𝑧𝑧𝑗𝑗𝑑𝑑

⋮ ⋱ ⋮ ⋱ ⋮
𝑧𝑧𝑠𝑠1 ⋯ 𝑧𝑧𝑠𝑠𝑖𝑖 ⋯ 𝑧𝑧𝑠𝑠𝑑𝑑⎦

⎥
⎥
⎥
⎤

, 𝑗𝑗 = 1,2, … , 𝑠𝑠; 𝑖𝑖 = 1,2, … ,𝑑𝑑; 𝑞𝑞 = 1,2, … ,𝑛𝑛  (14) 

 
 𝐸𝐸𝑞𝑞 = �𝐸𝐸1

𝑞𝑞 ⋯ 𝐸𝐸𝑗𝑗
𝑞𝑞 ⋯ 𝐸𝐸𝑠𝑠𝑛𝑛�, 𝑗𝑗 = 1,2, … , 𝑠𝑠; 𝑞𝑞 = 1,2, … ,𝑛𝑛  (15) 

 
The quantum-based atomic model assumes that the electrons surrounding the nucleus are in their lowest energy state. The 

solution candidates in hypothetical layers do not know about candidates positioned in the same or different layers. Based on 
the location and values of the objective function of solution candidates in each layer, the mathematical model computes the 
binding energy, which is the energy needed to extract an electron from its shell. Thus, in these theoretical layers, the binding 
state and energy of solution candidates are found by averaging the positions and values of the objective functions of all the 
candidates in that layer. The following mathematical equations are given as follows [38]: 
 

 𝐵𝐵𝐵𝐵𝑞𝑞 =
∑ 𝑍𝑍𝑗𝑗

𝑞𝑞𝑠𝑠
𝑗𝑗=1

𝑠𝑠
 𝑎𝑎𝑎𝑎𝑎𝑎  𝐵𝐵𝐵𝐵𝑞𝑞 =

∑ 𝐸𝐸𝑗𝑗
𝑞𝑞𝑠𝑠

𝑗𝑗=1

𝑠𝑠
, 𝑗𝑗 = 1,2, … , 𝑠𝑠; 𝑞𝑞 = 1,2, … ,𝑛𝑛  (16) 

 
where BEq and BSq are the binding energy and state of the qth layer. 

Similarly, an atom’s the Binding State and Binding Energy have been framed using the average of objective function 
values and positions of all solution candidates in the search space as given in Equation (17). Here, Zj and Ej are the position 
and objective function values of the jth solution candidate, respectively. m is the total number of solution candidates [38]. 
 

 𝐵𝐵𝐵𝐵 =
∑ 𝑍𝑍𝑗𝑗
𝑚𝑚
𝑗𝑗=1
𝑚𝑚

 𝑎𝑎𝑎𝑎𝑎𝑎  𝐵𝐵𝐵𝐵 =
∑ 𝐸𝐸𝑗𝑗
𝑚𝑚
𝑗𝑗=1
𝑚𝑚

 𝑗𝑗 = 1,2, … ,𝑚𝑚  (17) 
 

A random uniformly distributed (δ) value in the range of (0, 1) is generated for every solution candidate, theoretically 
representing the act photon on electrons surrounding the nucleus. In addition, the Photon Rate (PR) is determined as a 
parameter that represents the probability of considering the act of photons on electrons. If δ is higher than or equal to PR, then 
photon emission and absorption determine the motion of electrons. In this case, the binding energy BEq of the associated 
hypothetical layer is compared to the energy level (𝐸𝐸𝑗𝑗

𝑞𝑞) of each electron. If 𝐸𝐸𝑗𝑗
𝑞𝑞 is higher than BEq, the photon emission is 

considered. The electron moves to the atom’s lowest energy level (LE) and then to the binding state (BS) at the same time. The 
following mathematical formula is used in this method to update the positions of solution candidates [38]: 
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 𝑍𝑍𝑗𝑗+1
𝑞𝑞 = 𝑍𝑍𝑗𝑗

𝑞𝑞 + 𝜓𝜓𝑖𝑖(𝜁𝜁𝑖𝑖∗𝐿𝐿𝐿𝐿−𝜇𝜇𝑖𝑖∗𝐵𝐵𝐵𝐵)
𝑞𝑞

, 𝑗𝑗 = 1,2, … , 𝑠𝑠; 𝑞𝑞 = 1,2, … ,𝑛𝑛  (18) 
 
where 𝑍𝑍𝑗𝑗+1

𝑞𝑞  is the position of the (j+1)th solution candidate, ψi, ζi, and μi are the vectors, including randomly generated numbers 
within (0, 1). When a solution candidate’s energy level in a particular layer is less than the layer’s binding energy (𝐸𝐸𝑗𝑗

𝑞𝑞 < BEq), 
photon absorption is considered. In this process, the position update of the solution candidates occurs as given in Equation 
(19) [38]. 
 
 𝑍𝑍𝑗𝑗+1

𝑞𝑞 = 𝑍𝑍𝑗𝑗
𝑞𝑞 + 𝜓𝜓𝑖𝑖(𝜁𝜁𝑖𝑖 ∗ 𝐿𝐿𝐿𝐿𝑞𝑞 − 𝜇𝜇𝑖𝑖 ∗ 𝐵𝐵𝐵𝐵𝑞𝑞), 𝑗𝑗 = 1,2, … , 𝑠𝑠; 𝑞𝑞 = 1,2, … ,𝑛𝑛  (19) 

 
If δ is less than PR, predicting how a photon will affect an electron is impossible. Electron migration between layers is 

analyzed regarding its and interactions with magnetic fields and other particles are analyzed. In this regard, the solution 
candidate’s position is updated using Equation (20). Here, rj is the vector consisting of randomly generated numbers [38]. 
 
 𝑍𝑍𝑗𝑗+1

𝑞𝑞 = 𝑍𝑍𝑗𝑗
𝑞𝑞 + 𝑟𝑟𝑗𝑗 , 𝑗𝑗 = 1,2, … , 𝑠𝑠;𝑞𝑞 = 1,2, … ,𝑛𝑛  (20) 

3.2 Lévy Flight 
Lévy flight is a type of random walk where the step lengths have a heavy-tailed probability distribution. It means that a particle 
moving by Lévy flight takes numerous regular “small” steps and infrequent “big” steps. The particle moves locally at first, 
taking several tiny movements, then takes a significant step, and then moves locally again. Lévy flight is often used to enhance 
the ability to explore the MHS algorithm [41]. It can be defined as follows: 
 

 𝐿𝐿(𝑠𝑠, 𝜂𝜂, χ) = ��
𝜂𝜂

2𝜋𝜋� 𝑒𝑒𝑒𝑒𝑒𝑒 �− 𝜂𝜂
2(𝑠𝑠−χ)

� 1
(𝑠𝑠−χ)3

2�
, 0 < χ < s < ∞

0, 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
  (21) 

 
where s, η, and χ represent the sample, control parameters, and minimum step size of the Lévy flight distribution. Depending 
on the values of the s and η parameters, the step size in the search space between the two flights is determined.  

3.3 Chaotic Map Functions 
An effective way to improve the performance of optimization algorithms is to employ mathematical structures called chaotic 
maps, which display deterministic yet unexpected behavior. These maps enhance exploration and exploitation capabilities and 
avoid premature convergence [42]. Ten frequently used chaotic maps are presented in Table 1. 

Table 1. The description of the Chaotic map functions [42] 

No Name Chaotic Map Range 

1 Chebyshev 𝑢𝑢𝑖𝑖+1 = cos(𝑛𝑛 cos−1(𝑢𝑢𝑖𝑖)) (-1, 1) 

2 Circle 𝑢𝑢𝑖𝑖+1 = mod(𝑢𝑢𝑖𝑖 + 𝑎𝑎 − (𝑏𝑏/2𝜋𝜋) sin(2𝜋𝜋𝑢𝑢𝑘𝑘), 1), a=0.2 and b=0.5 (0, 1) 

3 Gauss/Mouse 
𝑢𝑢𝑖𝑖+1 = �

 1, 𝑢𝑢𝑖𝑖 = 0
1

𝑚𝑚𝑚𝑚𝑚𝑚(𝑢𝑢𝑖𝑖 , 1) , 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 
(0, 1) 

4 Iterative 𝑢𝑢𝑖𝑖+1 = sin(𝑏𝑏𝑏𝑏 𝑢𝑢𝑖𝑖⁄ ), b=0.7 (-1, 1) 

5 Logistic 𝑢𝑢𝑖𝑖+1 = 𝑏𝑏𝑢𝑢𝑖𝑖(1 − 𝑢𝑢𝑖𝑖), b=0.4 (0, 1) 

6 Piecewise 

𝑢𝑢𝑖𝑖+1 =

⎩
⎪
⎨

⎪
⎧
𝑢𝑢𝑖𝑖 𝑅𝑅⁄ , 0 ≤ 𝑢𝑢𝑖𝑖 ≤ 𝑅𝑅
𝑢𝑢𝑖𝑖−𝑅𝑅
0.5−𝑅𝑅

, 𝑅𝑅 ≤ 𝑢𝑢𝑖𝑖 ≤ 0.5
1−𝑢𝑢𝑖𝑖−𝑅𝑅
0.5−𝑅𝑅

,
1−𝑢𝑢𝑖𝑖
𝑅𝑅

,
0.5 ≤ 𝑢𝑢𝑖𝑖 ≤ 1 − 𝑅𝑅
1 − 𝑅𝑅 ≤ 𝑢𝑢𝑖𝑖 ≤ 1

, R=0.4 

(0, 1) 

7 Sine 𝑢𝑢𝑖𝑖+1 = �𝑏𝑏 4� � sin(𝑢𝑢𝑖𝑖𝜋𝜋), b=4 (0, 1) 

8 Singer 𝑢𝑢𝑖𝑖+1 = 𝜛𝜛(7.86𝑢𝑢𝑖𝑖 − 23.31𝑢𝑢𝑖𝑖2 + 28.75𝑢𝑢𝑖𝑖3 − 13.302875𝑢𝑢𝑖𝑖4), 𝜛𝜛 = 1.07 (0, 1) 

9 Sinusoidal 𝑢𝑢𝑖𝑖+1 = 𝑏𝑏𝑢𝑢𝑖𝑖2 sin(𝑢𝑢𝑖𝑖𝜋𝜋), b=2.3 (0, 1) 

10 Tent 
𝑢𝑢𝑖𝑖+1 = �

 𝑢𝑢𝑖𝑖 0.7� , 𝑢𝑢𝑖𝑖 < 0.7
10

3� (1 − 𝑢𝑢𝑖𝑖), 𝑢𝑢𝑖𝑖 ≥ 0.7
 

(0, 1) 
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3.4 Proposed Chaotic and Lévy based Atomic Orbital Search Algorithm  
In the literature, researchers have conducted different studies to improve the search performance of the AOS algorithm [43,44]. 
In this study, the chaotic maps and levy flight distribution were integrated into the AOS algorithm to enhance its overall 
performance, especially its exploration and exploitation abilities. This improved algorithm was called the chaotic and Lévy-
based atomic orbital search (CLAOS) algorithm. The design of the proposed algorithm was carried out as follows. 

In the original AOS algorithm, the δ value is a random uniformly distributed number in the range of (0, 1) and generated 
for each solution candidate in the population. As a result of comparing the δ value with the PR value, if δ is higher than or 
equal to PR, photon emission and absorption determine the movement of electrons. Otherwise, predicting how a photon will 
affect the electron is impossible. This process was explained in detail in sub-section 3.1.  

Firstly, the δ value is generated using chaotic maps before the search process life cycle of the algorithm for maximum 
fitness function evaluations (maxFEs) number in the proposed algorithm. Thus, the aim is to improve the exploration capability 
of the AOS algorithm. Ten variations of the CLAOS algorithm have been created using the ten chaotic maps given in Table 1 
to determine the δ value, and the description of them was given in Table 2. Secondly, the ψ vector given in Equations (18) and 
(19), where the population updates are performed, is randomly generated. In the proposed algorithm, this vector is obtained 
using the Lévy flight. In this way, it aims to ensure the balance between exploration and exploitation and to prevent the 
algorithm from getting caught in local solution traps.  

The pseudocode of the proposed CLAOS algorithm is given in Algorithm-1. According to Algorithm-1, the initial 
population is created randomly using Equation (13) in line 1. Then, the fitness values of them are computed in line 2. The BS 
and BE of an atom are determined using Equation (17) in line 3. The solution candidate with the lowest energy level in an 
atom, which is the best candidate so far, is determined in line 4. In line 5, the chaos_vector is generated according to the case 
number in Table 2. For example, if Case-1 is used, the Chebyshev map function generates the chaos_vector. From lines 6 to 
35, the search process life cycle is performed until the termination criterion is met. From lines 6 to 14, the whole process occurs 
in the same way as the main algorithm. However, in line 15, the δ parameter corresponds to the current FE value in 
chaos_vector. Then, in line 16, the ψ vector used in Equations (18) and (19) is generated using the Lévy flight. ζ and μ are 
produced in line 17, and the PR value is specified in line 18. From lines 19 to 35, the remaining process occurs in the same 
way as the main AOS algorithm. Figure 1 shows the flowchart of the proposed CLAOS algorithm. The orange blocks show 
where chaotic maps are used, and the yellow blocks show where Lévy flight is used. 

Table 2. Ten different CLAOS variations created using chaotic maps. 

Case Chaotic Map  Case Chaotic Map 
Case-1 Chebyshev Case-6 Piecewise 
Case-2 Circle Case-7 Sine 
Case-3 Gauss/Mouse Case-8 Singer 
Case-4 Iterative Case-9 Sinusoidal 
Case-5 Logistic Case-10 Tent 

 
 

Algorithm-1. The pseudocode of the proposed CLAOS algorithm. 
1. Create the initial population using Equation (13). 
2. Compute the fitness values for the initial population and update FE. 
3. Specify the BS and BE of an atom using Equation (17). 
4. Identify the solution candidate having the lowest energy (LE) level of the atom  
5. Generate the chaos_vector with the chaotic map used in the relevant case given in Table 2. 
6. while FE < maxFEs 
7. Generate several imaginary layers (n). 
8. Create these imaginary layers. 
9. Sort the solution candidates either in descending or ascending order. 
10. Distribute the sorted solution candidates into the imaginary layers according to the PDF. 
11. for q = 1 : n 
12. Specify the BSq and BEq of the qth layer using Equation (16). 
13. Identify the solution candidate having the lowest energy (LEq) level in the qth layer. 
14. for j = 1 : s 
15. δ = chaos_vector (FE) 
16. Generate ψ, used in Equations (18) and (19), with Lévy flight by Equation (21). 
17. Produce ζ and μ. 
18. Specify the PR. 
19. if δ ≥ PR 
20. if 𝐸𝐸𝑗𝑗

𝑞𝑞 ≥ BEq 
21. Update the positions of solution candidates using Equation (18). 
22. Compute the fitness value and update FE. 
23. else if  
24. Update the positions of solution candidates using Equation (19). 
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25. Compute the fitness value and update FE. 
26. end if 
27. else if δ < PR 
28. Update the positions of solution candidates using Equation (20). 
29. Compute the fitness value and update FE. 
30. end if 
31. end for 
32. end for 
33. Update the BS and BE of the atom. 
34. Update the solution candidate with the atom’s lowest energy (LE) level. 
35. end while 

 
 

 
Figure 1. Flowchart of the proposed CLAOS algorithm. 
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4. RESULTS AND DISCUSSION 
In the study, the chaotic and CLAOS algorithm was proposed. In order to test and verify the performance of the proposed 
algorithm, a comprehensive simulation study was carried out on solving benchmark problems and the PEMFC parameter 
estimation problem. The CEC2020 [45] and CEC2022 [46] benchmark problems were considered in the simulation studies. 
The simulation settings used in this study are described as follows: 
• The termination criterion was set as maxFEs for benchmark problems.  
• The CEC2020 problems were addressed in 30, 50, and 100 dimensions, while the CEC2022 problems were addressed in 

10 and 20 dimensions. 
• Fifty-one independent trials were performed for the CEC2020 and CEC2022 benchmark problems, and 30 independent 

trials were performed for the PEMFC parameter estimation problem. 
• The simulation studies were implemented in MATLAB®R2020a and conducted on Intel (R) Core™ i7-8700 CPU @ 

3.20GHz, 16 GB RAM, and an x64-based processor. 
• The parameter settings of the CLAOS variations were the same as the original AOS algorithm. 

Accordingly, this section included two sub-sections based on the benchmark problems and the PEMFC parameter 
estimation problem explained below: 
• In the first sub-section, the performance of the ten CLAOS variations and the base AOS algorithm on solving the 

CEC2020 and CEC2022 benchmark problems was compared. Their results were evaluated using the Friedman and 
Wilcoxon tests. On the other hand, the algorithms' convergence analysis was analyzed. 

• In the second sub-section, the CLAOS, the base AOS algorithm, the genetic algorithm (GA) [47], the particle swarm 
optimization algorithm (PSO) [48], the differential evolution algorithm (DE) [49], the grey wolf optimization algorithm 
(GWO) [50], and the artificial hummingbird algorithm (AHA) [51] were applied to estimate the parameters of the PEMFC 
stack. Here, two case studies were considered, where two different operating conditions and the search range of the 
decision variables were used. 

4.1 Determining the best CLAOS variation on solving benchmark problem suits 
The performance of ten CLAOS variations and the base AOS algorithm were presented in this section. In the simulation study, 
two benchmark problem suites, CEC2020 and CEC2022, were considered. While the CEC2020 benchmark suite was tested in 
30-, 50-, and 100-dimensional search spaces, the CEC2022 benchmark suite was tested in 10- and 20-dimensional search 
spaces. All algorithms were run 51 times for each problem in the benchmark suites. Accordingly, the number of data used in 
the performance comparison of algorithms is 30294 (11*10*3*51+11*12*2*51). In order to analyze these data, the Friedman 
and Wilcoxon nonparametric test methods were used. 

4.1.1. Statistical Analysis Results 
This section compared the search performance of the ten CLAOS variations and the base AOS algorithm. Firstly, the Friedman 
test was applied to analyze the results of eleven algorithms. Table 3 presents the Friedman test results. Table 3 also presents 
the mean value of Friedman scores obtained by each algorithm from five experiments in the last column. According to Table 
3, in the first experiment on the CEC2020 benchmark suit and 30 dimensions, Case-8 achieved the best rank among all 
algorithms. The Case-2 algorithm demonstrated superiority over its competitors in the remaining four experiments. Besides, 
Case-3 for experiment 1, Case-3 for experiment 2, and Case-3, Case-7, and Case-9 for experiment 3 fell behind the base AOS 
algorithm. On the other hand, Case-2 consistently showed the best performance, achieving the lowest mean rank (5.3823), 
followed by Case-8 (5.4566) and Case-4 (5.4700). The worst algorithm was Case-3, according to the mean rank value. 

Table 3. Friedman test results for all algorithms 

Method CEC2020 CEC2022 Mean 
Rank Dim=30 Dim=50 Dim=100 Dim=10 Dim=20 

#1 #2 #3 #4 #5 
Case-2 5.7510 5.4078 5.1529 5.2925 5.3072 5.3823 
Case-8 5.4608 5.5392 5.5804 5.3742 5.3284 5.4566 
Case-4 5.4961 5.6098 5.3765 5.3709 5.4967 5.4700 
Case-6 5.6000 5.5216 5.5196 5.3922 5.3480 5.4763 
Case-10 5.5235 5.4961 5.3922 5.6618 5.5196 5.5186 
Case-1 5.6118 5.7804 5.5824 5.6258 5.4363 5.6073 
Case-5 5.7863 5.6255 5.6686 5.7255 5.5833 5.6778 
Case-7 5.6431 6.0196 6.1176 5.6520 5.5049 5.7875 
Case-9 6.5382 6.5216 7.0039 6.1340 6.6258 6.5647 
AOS 7.2088 6.6275 6.0706 8.0147 8.4248 7.2693 
Case-3 7.3804 7.8510 8.5353 7.7565 7.4248 7.7896 

 
In addition to the Friedman test, pairwise comparisons were performed between the AOS algorithm and CLAOS variations 

using the Wilcoxon test. Table 4 presents the Wilcoxon test results for all algorithms. In Table 4, “Case-1 vs. AOS” shows the 
experiment performed between Case-1 and AOS. “+” indicates the number of problems in which the compared method 
performs better than the base AOS, “=” indicates the number of problems in which the compared method and the base AOS 
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perform equally, and “-” indicates the number of problems in which the compared method performs worse than the base AOS. 
According to the results given in Table 4, Case-3 was defeated against the base AOS algorithm in the experiments carried out 
in 50 and 100 dimensions in the CEC2020 benchmark suite. Apart from Case-3, CLAOS variations outperformed the base 
AOS algorithm in all remaining pairwise comparisons. The general evaluation in the last column of Table 4 indicates that the 
base algorithm least defeated Case-2. While Case-2 was superior in 33 problems, it drew in 9 problems and lost in 12 problems 
against the AOS. 

Table 4. Wilcoxon test results for all algorithms 

vs. AOS  
(+ / = / -) 

CEC2020 CEC2022 Overall 
evaluation Dim=30 Dim=50 Dim=100 Dim=10 Dim=20 

Case-1 6 / 2 / 2 5 / 1 / 4 5 / 0 / 5 8 / 2 / 2 8 / 3 / 1 32 / 8 / 14 
Case-2 6 / 2 / 2 5 / 2 / 3 6 / 0 / 4 8 / 3 / 1 8 / 2 / 2 33 / 9 / 12 
Case-3 6 / 0 / 4 4 / 1 / 5 4 / 1 / 5 8 / 1 / 3 8 / 0 / 4 30 / 3 / 21 
Case-4 6 / 2 / 2 5 / 1 / 4 5 / 0 / 5 7 / 4 / 1 8 / 2 / 2 31 / 9 / 14 
Case-5 6 / 1 / 3 5 / 1 / 4 5 / 0 / 5 8 / 3 / 1 8 / 2 / 2 32 / 7 / 15 
Case-6 6 / 1 / 3 5 / 2 / 3 5 / 0 / 5 8 / 3 / 1 8 / 3 / 1 32 / 9 / 13 
Case-7 6 / 1 / 3 5 / 1 / 4 5 / 0 / 5 8 / 2 / 2 8 / 2 / 2 32 / 6 / 16 
Case-8 6 / 1 / 3 5 / 1 / 4 5 / 0 / 5 8 / 3 / 1 8 / 3 / 1 32 / 8 / 14 
Case-9 6 / 1 / 3 5 / 0 / 5 5 / 0 / 5 7 / 4 / 1 7 / 2 / 3 30 / 7 / 17 
Case-10 6 / 2 / 2 5 / 2 / 3 5 / 0 / 5 8 / 3 / 1 8 / 3 / 1 32 / 10 / 12 

 

4.1.2. Convergence Performance Analysis 
This sub-section presents the convergence performances of the ten CLAOS variations and the AOS algorithm. The CEC2020 
and CEC2022 benchmark suites have four problems: unimodal, multimodal, hybrid, and composition-type problems. They are 
used to test the algorithms' abilities in exploitation, exploration, diversity balance, and balanced search. In order to examine 
the convergence capabilities of the algorithms, four types of problems were chosen from the CEC2020 benchmark problem 
suite: F1 (unimodal), F2 (multimodal), F6 (hybrid), and F9 (composition). Figure 2 shows the convergence graphs of the first 
five variations according to the Friedman ranking given in Table 3 and the AOS algorithm for CEC2020 benchmark problems. 
The convergence graphs were drawn based on the error values obtained from the algorithms. 

For the F1-type problem, Case-2 demonstrated the best convergence performance across all dimensions. This performance 
shows that Case-2 was the algorithm with the best exploitation ability. For the F2-type problem, Case-2 again demonstrated 
superior convergence, achieving lower error values more rapidly than the other algorithms. On the other hand, except for Case-
10, all other variations showed better search performance in all dimensions compared to the base algorithm. For the F6-type 
problem, Case-2 outperformed the other algorithms, showing the fastest convergence to the lowest error values. Other 
variations and the AOS algorithm obtained error values that were close to each other. For the F9-type problem, Case-2 
consistently achieved faster and more effective convergence than others. While Case-10 showed the worst convergence 
performance for 30 and 50 dimensions, the base AOS algorithm showed the worst search performance for 100 dimensions. 
Upon general evaluation of all the results, Case-2 outperformed other variations and the base algorithm regarding exploitation, 
exploration, and balanced search ability. 

The convergence analysis graphs above were drawn for the optimal solution obtained by the algorithms for the problems 
as a result of 51 independent runs. Therefore, box-plot plots are used to evaluate the performance of the algorithms for 51 
independent runs. Accordingly, to evaluate the search performance of the algorithms, four types of problems were chosen from 
the CEC2022 benchmark problem suite: F1 (unimodal), F3 (multimodal), F7 (hybrid), and F12 (composition). Figure 3 
presents the box plots of the first five variations according to the Friedman ranking given in Table 3 and the AOS algorithm. 
The box plots were drawn based on the fitness function values obtained from the algorithms. In Figure 3, the diamond marks 
on the box plots are the mean values of the fitness function values obtained by the algorithms due to 51 runs. In order to make 
a more precise comparison in terms of average value, the mean values of the algorithms are connected by lines. Moreover, the 
lines in the box plots are the median values of the fitness function values obtained by the algorithms due to 51 runs. 

For the F1-type problem, while Case-2 had the lowest mean and median value, the AOS algorithm performed worst for 
all 10 dimensions. On the other hand, for 20-dimension, Case-4 achieved the lowest mean and median value, followed by 
Case-2. For the F3-type problem, Case-2 demonstrated much lower median error values for both dimensions than the others. 
Once again, the base AOS displayed the worst search performance. For the F7-type problem, Case-2 showed the smallest 
spread and achieved the lowest median value for both dimensions. For the F12-type problem, Case-2 had the most negligible 
dispersion, indicating more consistent performance. For all problems and dimensions, the AOS algorithm exhibited the widest 
spread and had the highest mean and median values. This result shows that the base AOS algorithm failed to solve the CEC2022 
benchmark problems. 
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Figure 2. Convergence graphs of the first five variations according to Friedman ranking and AOS algorithm for CEC2020 

benchmark problems. 

Upon evaluation of all the analysis results on CLAOS variations presented in this section, it became clear that the obtained 
results were in agreement with each other. The search performance improved by redesigning the AOS algorithm using chaotic 
maps and Lévy flight. Furthermore, the utilization of the chaotic map significantly influenced the results. When all analysis 
results were evaluated, Case-2 emerged as the most successful variation. In the remainder of the study, Case-2 will be directly 
named CLAOS. 
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Figure 3. Box-plots of the first five variations according to Friedman ranking and AOS algorithm for CEC2022 benchmark 

problems. 

4.2 Implementation of the CLAOS Algorithm for the PEMFC Parameter Estimation Problem 
In this sub-section, the proposed CLAOS algorithm and six MHS algorithms, including AOS, AHA, GA, DE, GWO, and PSO 
algorithms, were applied to estimate the unknown parameter of the 250W PEMFC stack. The experimental data were taken 
from [4] in the simulation studies. As stated in Section 2.2, the decision variables for the parameter estimation of the PEMFC 
problem were ξ1, ξ2, ξ3, ξ4, λ, Rc, and b, with two search ranges for the parameters taken into consideration. On the other hand, 
two different operating ranges were considered, where two different values were used for Pc, Pa, and T values. Accordingly, 
two different case studies were considered, and their search ranges and design specifications are given in Table 5.  
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Table 5. Design specifications and search ranges for Case-1 and Case-2 [15]. 

Case-1  Case-2 
PEMFC specifications  Upper and lower limits  

(Range-1) 
PEMFC specifications  Upper and lower limits  

(Range-2) 
Parameter Value Parameter Lower  Upper Parameter Value Parameter Lower  Upper 
A (cm2) 27 ξ1 -0.952 -0.944 A (cm2) 27 ξ1 -1.19969 -0.8532 
Ncell 24 ξ2 ×10-3 1 5 Ncell 24 ξ2 ×10-3 1 5 
Jmax (mA/ 
cm2) 

860 ξ3 ×10-5 7.4 7.8 Jmax (mA/ 
cm2) 

860 ξ3 ×10-5 3.6 9.8 

l (μm) 127 ξ4 ×10-5 -1.98 -1.88 l (μm) 127 ξ4 ×10-5 -26 -9.54 
RHa 1 λ 14 23 RHa 1 λ 10 24 
RHb 1 Rc×10-4 1 8 RHb 1 Rc×10-4 1 8 
Pa (bar) 1 b 0.016 0.5 Pa (bar) 3 b 0.0136 0.5 
Pc (bar) 1    Pc (bar) 5    
T (K) 343.15     T (K) 353.15     

 

4.2.1. Results of Case-1 
In order to verify the performance of the proposed CLAOS algorithm, a 250W PEMFC stack was used to search the unknown 
parameters of the model. The design specifications and search ranges for this case study can be found in Table 5. The proposed 
CLAOS and the comparison algorithms, including AOS, AHA, GA, DE, GWO, and PSO algorithms, were run separately 30 
times. The maximum iteration number was set as 500. Table 6 displays the optimal parameter values and SSE values obtained 
by each algorithm. The SSE values for CLAOS, AOS, AHA, GA, DE, GWO, and PSO algorithms were 4.722489, 4.944762, 
4.944771, 4.944777, 4.944767, 4.944759, and 4.944831, respectively. Accordingly, the proposed CLAOS achieved a lower 
SSE value by 4.4951%, 4.4953%, 4.4954%, 4.4952%, 4.4951%, and 4.4964% than the AOS, AHA, GA, DE, GWO, and PSO 
algorithms, respectively.  

The minimum, mean, maximum, median, and standard deviation values of the CLAOS, AOS, AHA, GA, DE, GWO, and 
PSO algorithms are presented in Table 6 to evaluate their performance. On the other hand, Table 7 presents the results of other 
reported methods found in the literature. The lowest SSE values for the JAYA-NM [4], RGA [5], HADE [15], MVO [7], and 
HABC [52] were 9.9010, 16.2746, 15.6669, 15.1316, and 15.6673, respectively. These values were higher than the SSE value 
of the CLAOS algorithm. Besides, the CLAOS algorithm obtained the best mean and median values among the methods 
presented in Table 6. To sum up, these findings demonstrate the clear superiority of the CLAOS algorithm over its competitors.  

Table 6. Optimal parameter values obtained by the proposed CLAOS and AOS algorithms.  

Method ξ1 ξ2 ξ3 ξ4 λ Rc b SSE 
CLAOS -0.95 0.0029757 0.000078 -0.000188 23 0.0001 0.04614805 4.722489 
AOS -0.944 0.00290381 0.000074 -0.000188 23 0.0003 0.04470466 4.944762 
AHA -0.94957428 0.00295549 7.65E-05 -1.88E-04 23 3.02E-04 0.04470604 4.944771 
GA -0.944 0.00291329 7.47E-05 -1.88E-04 23 3.00E-04 0.04471088 4.944777 
DE -0.952 0.00292723 7.40E-05 -1.88E-04 23 3.00E-04 0.04472589 4.944767 
GWO -0.952 0.00293398 7.45E-05 -1.88E-04 23 3.00E-04 0.04469022 4.944759 
PSO -0.952 0.00293068 7.42E-05 -1.88E-04 23 3.00E-04 0.0447131 4.944831 

 

Table 7. Statistical results obtained from CLAOS, comparison algorithms, and other reported algorithms for Case-1. 

Method Min Max Mean Median  Std 
CLAOS 4.722489 4.984965 4.748789 4.73458 0.0503872 
AOS 4.944762 5.098928 5.016907 5.02508 0.048963 
AHA 4.944771 4.961266 4.946396 4.945488 0.003045 
GA 4.944777 4.999371 4.948077 4.945577 0.009888 
DE 4.944767 4.993800 4.947871 4.945588 0.009022 
GWO 4.944759 4.948339 4.945479 4.945208 0.000787 
PSO 4.944831 4.963357 4.947394 4.945523 0.004786 
JAYA-NM [4] 9.901 9.901 9.901 9.901 5.79E-06 
RGA [5] 16.2746 N/A N/A N/A N/A 
HADE [15] 15.6669 N/A N/A N/A N/A 
MVO [7] 15.1316 3145 107.1 29.84 169.9 
HABC [52] 15.6673 N/A N/A N/A N/A 
N/A: Not available in the literature 
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Figure 4. The convergence graphs of all algorithms for Case-1. 

 
Besides, the convergence analysis was used to evaluate CLAOS and its competitors. From Figure 4, CLAOS was the best-

performing algorithm in this comparison, achieving low SSE values quickly. On the other hand, PSO converged to a higher 
SSE at the end of the iteration and showed the worst convergence performance. 

4.2.2. Results of Case-2 
Similar to the Case-1, the 250W PEMFC stack was used in this case. However, the search range and the design specifications 
given in Table 5 were different from those in Case 1. The proposed CLAOS and the comparison algorithms, including AOS, 
AHA, GA, DE, GWO, and PSO algorithms, were run separately 30 times. The maximum iteration number was set as 500. 
Table 8 presents the optimal parameter values and the best objective function values obtained from CLAOS and six competitor 
algorithms. Accordingly, the SSE values for CLAOS, AOS, AHA, GA, DE, GWO, and PSO algorithms were 0.152027, 
1.612661, 1.61281406, 1.6131974, 1.61367413, 1.61260619, and 1.61247391, respectively.  

On the other hand, the results of the CLAOS and the comparison algorithms were evaluated statistically. Table 9 presents 
the minimum, mean, maximum, median, and standard deviation values. Table 9 reveals that CLAOS achieved the lowest error 
value across all indicators. The results of the other methods reported in the literature are given in Table 9. The results of the 
CLAOS algorithm for Case-2 were compared with those of JAYA-NM [4], RGA [5], HADE [7], MVO [9], SSO [64], ALO 
[64], and HABC [63], where they obtained the objective function values as 5.2513, 8.4854, 7.9908, 3.5846, 1.1508, 1.1513, 
and 8.0047, respectively. When comparing the CLAOS algorithm with six comparison algorithms and the results of the 
reported methods in the literature, it was demonstrated that the CLAOS achieved the best SSE value and outperformed all 
rivals. 

Figure 5 presents the convergence curves of both algorithms. Therefore, the search performance of the CLAOS algorithm 
was significantly superior to that of the other algorithms. In summary, all simulation results and convergence analyses 
confirmed the performance of the proposed CLAOS algorithm in determining the parameters of the PEMFC stack for Case-2. 

Table 8. Optimal parameter values obtained by the proposed CLAOS and AOS algorithms. 

Method ξ1 ξ2 ξ3 ξ4 λ Rc b SSE 
CLAOS -0.86 0.00208784 0.000036 -0.000136 12.1649409321 0.0001 0.014032 0.152027 
AOS -1.19969 0.0032006 0.0000489 -0.000135 23 0.0001 0.04 1.612661 
AHA -0.98820632 0.00257325 4.65E-05 -1.34E-04 23 0.00016 0.04 1.61281406 
GA -0.93880752 0.00230708 3.65E-05 -1.35E-04 23 0.00010 0.04 1.6131974 
DE -1.18685647 0.00317664 4.99E-05 -1.34E-04 23 0.00010 0.04 1.61367413 
GWO -1.19690734 0.00303175 3.60E-05 -1.35E-04 23 0.00010 0.04 1.61260619 
PSO -0.99425691 0.00246394 3.64E-05 -1.35E-04 23 0.00010 0.04 1.61247391 

Table 9. Statistical results obtained from CLAOS, comparison algorithms, and other reported algorithms for Case-1. 

Method Min Max Mean Median  Std 
CLAOS 0.152027 0.169469 0.160196 0.15967 0.0049355 
AOS 1.612661 1.924455 1.717473 1.6511 0.1218666 
AHA 1.61281406 1.7328198 1.65069165 1.63620619 0.03537587 
GA 1.6131974 1.74798106 1.65840573 1.65321379 0.03788932 
DE 1.61367413 1.76475875 1.65893604 1.63986715 0.04490026 
GWO 1.61260619 1.84854479 1.65168312 1.6362934 0.04817167 

0 100 200 300 400 500

Iteration

5

10

15

20

25

30

35

40

SS
E

Case-1

CLAOS

AOS

AHA

GA

DE

GWO

PSO
0 50 100 150

5

6

7

400 450 500
4.5

5

5.5



 B. ÖZKAYA, APPLICATIONS OF MODELLING AND SIMULATION, 8, 2024, 283-300. 
 

296 
 

PSO 1.61247391 1.79248506 1.66050282 1.65832658 0.04578022 
JAYA-NM [4] 5.2513 5.2538 5.2514 5.2764 6.80E-03 
RGA [5] 8.4854 N/A N/A N/A N/A 
HADE [15] 7.9908 N/A N/A N/A N/A 
MVO [7] 3.5846 1.14E+04 56.28 5.08 200.9 
SSO [53] 1.1508 1.4388 1.2429 N/A 0.0941 
ALO [53] 1.1513 1.4481 1.3352 N/A 0.0982 
HABC [52] 8.0047 N/A N/A N/A N/A 
N/A: Not available in the literature 

 

 
Figure 5. The convergence graphs of all algorithms for Case-2. 

 

 
Figure 6. The current-voltage curve obtained from the CLAOS for parameters evaluation of PEMFC stack for both cases. 

 

4.2.3. 250W PEMFC Polarization Characteristics 
In order to validate the performance of the proposed algorithm in solving the PEMFC parameter estimation problem, the 
current-voltage (I-V) polarization curves were drawn for both cases. Figure 6 presents the I-V curves derived from the CLAOS 
for both cases. This graphic compares the polarization curves produced using the measured voltage/current data sets and those 
derived from the optimized model. Figure 6(a) shows the I-V curve for Case-1. It matched the output model data from the 
proposed algorithm and the experimental data. On the other hand, the I-V curve for Case-2, given in Figure 6(b), matched the 
output model data and experimental data obtained by the proposed algorithm quite well. The results showed that the proposed 
method was excellent at finding the unknown parameters of the PEMFC stack. This was clear from the fact that the 
experimental data and model output curves fit together so well. 
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Figure 7. Friedman test results for all algorithms for Case-1 and Case-2. 

Table 10. Wilcoxon test results for Case-1 and Case-2 between CLAOS and its rivals. 

 CLAOS vs.  
Case-1 Case-2 

X+ X- p X+ X- p 
AOS 465 0 1.73E-06 465 0 1.73E-06 
AHA 464 1 1.92E-06 465 0 1.73E-06 
GA 464 1 1.92E-06 465 0 1.73E-06 
DE 464 1 1.92E-06 465 0 1.73E-06 
GWO 464 1 1.92E-06 465 0 1.73E-06 
PSO 464 1 1.92E-06 465 0 1.73E-06 

 

4.2.4. Statistical Analysis 
The Friedman and Wilcoxon tests have been widely used in the literature to evaluate the performance of meta-heuristic search 
algorithms. The Friedman test compares algorithms according to their performance in experimental studies with more than 
two competitors. On the other hand, the Wilcoxon test makes pairwise comparisons between two algorithms. 

In this study, to compare the performance of the proposed CLAOS, AOS, GA, DE, GWO, and PSO algorithms in solving 
the PEMFC parameter estimation problem, the Friedman test was applied to the results obtained from the 30 independent runs. 
Figure 7 shows the Friedman scores of all algorithms for Case-1 and Case-2. Besides, the mean score of the two case studies 
is presented. Accordingly, the CLAOS algorithm obtained the 1.1667 and 1.0000 scores for Case-1 and Case-2, respectively. 
With these scores, the CLAOS ranked first among all algorithms for two cases. Since CLAOS ranked first in both cases, it 
naturally ranked first among its competitors with a mean score of 1.0833. Conversely, the mean score value revealed that the 
AOS algorithm came in last. These results clearly showed the superior performance of CLAOS over AOS. 

Besides the Friedman test, the Wilcoxon test was applied between the CLAOS and its rivals. Table 10 presents the 
Wilcoxon results for Case-1 and Case-2. Here, a pairwise comparison of results from 30 independent runs yields the X+ value, 
which represents the total number of runs won by the proposed algorithm. On the other hand, the X- value represents the score 
that the proposed algorithm lost in the same comparison. According to Table 10, the CLAOS outperformed its competitors for 
both case studies. Consequently, the statistical analysis results demonstrated the success of the CLAOS algorithm in solving 
the PEMFC parameter estimation problem. 

5. CONCLUSION 
This study proposed an improved version of the atomic orbital search algorithm to solve the PEMFC parameter estimation 
problem. In order to improve the search performance of the AOS algorithm, Lévy flight, and chaotic map functions were 
integrated into the AOS algorithm. Ten AOS variations were created using the ten chaotic map functions, where the Lévy 
flight was considered in all variations. A comprehensive simulation study was carried out to test and validate the performance 
of the proposed algorithm. In the first simulation study, CEC2020 and CEC2022 benchmark problem suites were solved by 
ten AOS variations and the base AOS algorithm. Their results were analyzed using Friedman and Wilcoxon tests. Based on 
these results, Case-2, which had the highest Friedman score of 5.3823 among all variations, was identified as the remaining 
CLAOS algorithm in the study. In the second simulation study, the proposed CLAOS and six comparison algorithms, including 
AOS, AHA, GA, DE, GWO, and PSO, were applied to solve the PEMFC parameter estimation problem, where a 250W 
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PEMFC stack was considered. Here, two different search ranges were used for the unknown parameters of the stack. Moreover, 
in these search ranges, the temperature and anode and cathode pressure values differed in PEMFC specifications. Accordingly, 
two case studies were created, and their results were compared with the six MHS algorithms and the reported results in the 
literature. According to the results, the proposed algorithm obtained the smallest SSE values for both cases compared to its 
competitors. In other words, the proposed algorithm's output models matched the experimental data quite well. On the other 
hand, the results obtained by the proposed algorithm and its rivals were analyzed using Friedman and Wilcoxon tests. 
According to the Friedman test results, the proposed CLAOS algorithm ranked first and obtained 1.1667 and 1.0000 scores 
for Case-1 and Case-2, respectively. Consequently, the proposed algorithm outperformed its rivals in solving benchmark and 
PEMFC parameter estimation problems. In future work, the AOS variations presented in the study will be applied to solve 
different real-world optimization problems. 
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