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Abstract: The designing and implementation of controllers on multiple-input multiple-output (MIMO) plants for achieving a 
robust performance are always a promising problem for design engineers. Decoupler is one of the vital applied algorithms to 
minimize the undesirable effect of cross couplings present in MIMO plants for improving the plant performance. However, 
the inclusion of a decoupler makes the resulting decoupled system more complex, thereby increasing the computational 
complexity of designing the controller. To enhance performance, this paper aims to design a controller without incorporating 
any decoupling technique. This approach is intended to make the compensated system effectively track the desired path while 
treating coupling effects as a disturbance. The two degrees of freedom (2-DOF) proportional integral derivative (PID) control 
method is employed including a filter coefficient in derivative part based on edge theorem considering the MIMO system as 
different single-input single-output subsystems on which the cross couplings act as a disturbance to each other. The optimum 
value of controller parameter is searched in between the range determined through edge theorem using particle swarm 
optimization technique. The designed controller is implemented to the twin rotor MIMO system in which the designed method 
is quite capable of minimizing the disturbances occur for the reason of cross coupling. It is seen that in 2-DOF PID control 
method, the maximum overshoots are found to be 0% and 8% for main and tail rotor, respectively which are superior as 
compared to the conventional PID controller with decoupler designed for same system where the maximum overshoots are 
found as 30% for both main and tail rotors. The robust performance of compensated plant is studied by plant parameter 
variation, output disturbance rejection and changing the nature of input signals to the plant. 

Keywords: Edge theorem; MIMO; Particle Swarm Optimization; PID; Twin rotor. 

1. INTRODUCTION  
In this work an innovative approach of controller design is proposed for effective control of multiple-input multiple-output 
(MIMO) systems even in the presence of disturbances. Unlike conventional methods, this approach does not employ any 
decoupler algorithm to eliminate coupling effects within the MIMO system. Instead, it treats the coupling effects within the 
MIMO system as input disturbances to the plant and a 2-degree of freedom (DOF) and PID controller is designed to address 
this challenge. The 2-DOF control strategy consists of two separate components, ensuring both precise reference tracking and 
effective disturbance rejection. The study uses a twin rotor MIMO system (TRMS) as an illustrative example of a MIMO 
system due to its highly nonlinear behavior and strong cross-coupling characteristics [1]. The control approach adopted here 
represents a fusion of classical and modern control techniques. To elaborate, a classical 2-DOF PID controller is initially 
designed. However, the parameter ranges for the controller are determined using the edge theorem and subsequently fine-tuned 
through the particle swarm optimization (PSO) method.  

In recent years, robustness design analysis has achieved a remarkable importance. It is a vital area of control techniques 
that deals mainly with perturbations, disturbances, and model variations for controller design. The control algorithm is 
formulated to function properly despite the uncertainty attached with the plant. A controller is said to be robust when it 
maintains its performance regardless of plant modelling errors or disturbances associated with it. PID controllers are widely 
used for robust control because of their ease of application and tendency to provide accurate results [2-5]. The DOF in control 
structure is commonly known as how independently the system can vary in different directions. It may be defined as the total 
count of transfer function in closed loop which can be varied without any dependency. The 1-DOF structure shows limited 
performance such that it cannot provide good results for both time domain responses and disturbance rejection at the same 
time which may be obtained with 2-DOF control structure [6-7]. In [8], a 2-DOF Single-Input Single-Output (SISO) control 
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technique is implemented for decoupled TRMS to get the satisfactory performance of the system. The designed controller also 
ensured sufficient loop robustness and disturbance rejection properties. Here a pre-compensator is designed to achieve the 
decoupling of TRMS system. In [9], TRMS is controlled using a particular algorithm known as robust deadbeat algorithm. In 
this work, performance is tested in terms of robustness for designed controller considering disturbances as the coupling effects. 
This design method is implemented in simulations as well as real time validation is also done. In [10], coupling effects on the 
TRMS were minimized by sliding surfaces designed especially for the same purpose. This cross coupling causes the 
deterioration in the responses during the movement of TRMS and it is minimized as considering the disturbances or externally 
a decoupling method is introduced to remove this undesired coupling. Particularly for non-linear MIMO plant, sliding mode 
control (SMC) technique ensures robust performance with respect to coupling effects. Only by being aware of the system's 
input and output one can use the model reference method of control to assure the robust functioning of MIMO systems [11]. 
Gain theorem is employed in the design of suitable robust controller, for such type of system where the parameters are not 
fixed rather it is varied simultaneously. Gain theorem provides the condition for determining the robust stability of polynomials 
with perturbed coefficients [12]. In [13], PSO-based PID control method is depicted to get the desired performance for TRMS. 
In [14], SMC sliding mode control method is designed and successfully implemented on TRMS. In [15], robust 𝐻𝐻∞ method of 
control is proposed to get the satisfactory performance of TRMS. The combination of robust sensitivity is described for getting 
the more accurate performance in respect of reference tracking in this work. In [16], the authors described the tracking 
performances as well as reducing the vibration control of TRMS due to mass variation. An optimal control using linear 
quadratic Gaussian method is proposed to get the desired performance from TRMS. In [17], TRMS is controlled by predictive 
controller based on robust optimal method. The output responses of TRMS were examined using step signal at the input. 

PID controller using different optimization methods are applied to control TRMS is discussed in [18-20] and performance 
with respect to time domain is also compared in this work. The concept of decoupling is applied in this work to reduce the 
coupling effects present in the system and controller is designed based on decoupled plant. In [21], different control techniques 
which included PID control, optimal control and nonlinear control techniques were suggested by authors for the control of 
TRMS. A data driven neuroendocrine PID method was proposed in [22] to control the TRMS. The controller gains are 
optimized through adaptive safe experimentation dynamics technique. A robust controller based on quantitative feedback 
theory is designed to control TRMS in [23]. In this work, the stabilization of the plant is guaranteed with improved tracking 
performance. In [24], quasi-linear parameter varying proportional integral controller is proposed by authors for getting the 
desired performance of TRMS. The condition of actuator saturation was also considered in this work for the designing of 
controller. Fractional order PID controller was designed for decoupled TRMS using optimization method in [25]. Comparative 
study of different control methods using PID control, linear quadratic regulator and linear quadratic Gaussian was discussed 
in [26]. The modified internal model control method was proposed in [27]. Different MIMO system examples which included 
square MIMO and no-square MIMO systems were considered in this work. A robust controller was designed in [28] using 
generalized decoupling method for an unstable MIMO plant. Optimal control technique was applied to stabilize the plant first 
before designing of controller. The extensive process of literature review revels that the robust controller designed for control 
of TRMS is mainly executed with the design of decoupler along with controller which also minimize undesired outputs due to 
interactions present in MIMO system. Incorporation of decoupler during the controller design procedure makes the 
compensated MIMO system more complicated in view of structure. Therefore, in this work, a controller is applied to the 
system without incorporating any decoupler assuming the undesired interaction outputs as disturbance.  

The main objective of controller design for any system is that the output performance of the compensated system should 
satisfy the desired criteria and the designed controller is known as robust if the output response remains unchanged while 
disturbance occurred in plant. PID controller remarkably showed its importance towards the accurate controller design for 
different types of plants and industrial applications [29-34]. One of the difficult tasks of controller design is to find the range 
of controller parameters for which systems remain stable. Some methods were suggested in [35] but it makes the calculation 
tedious that insist the authors in this work to design the robust controller using edge theorem which is comparatively less 
complicated than the method reported. The performance and efficiency of edge theorem is excellent for the designing of robust 
controller with guaranteed stability [36-37]. In this work, edge theorem is applied to get the ranges of controller gain values 
and further to achieve the optimum performance of the controller, PSO method is implemented within the zone found by the 
aforesaid theorem. The output results exhibit that output performance of plant is better in term of both transient as well as 
steady state with respect to results available in literature. The subsequent content outlines the substantial contributions made 
within this paper:  

a) The robust controller design for TRMS is carried out without incorporating any decoupling technique to ensure the 
smooth performance in presence of decoupling also considered as disturbance. 

b) Main objective in this work is to design the control method to minimize these coupling effects as well as to ensure 
the satisfactory time response to ensure the smooth performance. To achieve this, a 2-DOF PID controller with 
derivative filter coefficient (PIDF) is designed. 

c) Robustness criteria of proposed method is also examined through the plant parameter variation and applying different 
inputs at the same time on the compensated plant.     

 
The paper is narrated in different parts, as Section 2 provides a description of the system and the 2-DOF PID control 

scheme is stated in Section 3. Section 4 deals with implementation of controller and simulation results for different sets of 
inputs. Finally, Section 5 consists of conclusion and discussion of this paper. 
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Figure 1. TRMS model. 

2. MATHEMATICAL MODELLING OF TRMS  
It is important to conduct mathematical modelling accurately to design the controller for any plant. The schematic diagram of 
plant is portrayed in Figure 1 in which two fans are connected at both ends of beam for controlling the position of the plant. 
DC motors are used to vary the speed of the fans to know the desired position. The main rotor generates the lifting power that 
enables the perpendicular rotation of beam across the pitch dimension. The beam is turned left or right in yaw direction because 
of movement of tail rotor, the size of tail rotor is much smaller as compared to previous rotor. Two locking screws are available 
to physically prevent collision between the two rods in which rotors are mounted. TRMS rotation could be locked in both axes 
of rotation and any of them using the screw. Therefore, experiments in one and two DOFs can be run on this system. A 
counterweight that is at the top of rod establishes a reliable starting position of beam. 

TRMS is designed in order that it should stay in downward direction always when no supply is provided to the system. 
TRMS is laboratory prototype test rig which is inherently nonlinear. The equations required to govern the TRMS are derived 
as in [4]. Firstly, the main (pitch) angle (𝜓𝜓) momentum is calculated through:  

 
               𝐼𝐼1𝜓̇𝜓 = 𝑀𝑀1 −𝑀𝑀𝐹𝐹𝐹𝐹 − 𝑀𝑀𝐵𝐵𝐵𝐵 − 𝑀𝑀𝐺𝐺                                                              (1) 

 
The total momentum of rotor is denoted as 𝑀𝑀1 = 𝑎𝑎1𝜏𝜏12 + 𝑏𝑏1𝜏𝜏1 that is produced due to momentum 𝜏𝜏1. The gravitational 
momentum is generated by the weight of helicopter as  𝑀𝑀𝐹𝐹𝐹𝐹 = 𝑀𝑀𝑔𝑔 sin𝜓𝜓 whereas frictional and gyroscopic momentum is 
denoted as 𝑀𝑀𝐵𝐵𝐵𝐵 = 𝐵𝐵1𝜓𝜓𝜓̇𝜓 + 𝐵𝐵2𝜓𝜓sign(𝜓̇𝜓) and 𝑀𝑀𝐺𝐺 = 𝐾𝐾𝑔𝑔𝑔𝑔𝑀𝑀1𝜑𝜑 cos𝜓𝜓, respectively. The input voltage to the main motor is related 
to the momentum through the equation 𝜏𝜏1 = (𝐾𝐾1 𝑇𝑇11𝑠𝑠 + 𝑇𝑇10⁄ )𝑢𝑢1. Similarly, one can represent the total momentum developed 
through the horizontal rotor (𝜑𝜑). 
 

          𝐼𝐼1𝜑̇𝜑 = 𝑀𝑀2 −𝑀𝑀𝐹𝐹𝐹𝐹 − 𝑀𝑀𝐵𝐵𝐵𝐵 −𝑀𝑀𝑅𝑅                                                              (2) 
 
In this, total momentum of the rotor is represented as 𝑀𝑀2 = 𝑎𝑎2𝜏𝜏22 + 𝑏𝑏2𝜏𝜏2 and frictional momentum as 𝑀𝑀𝐵𝐵𝐵𝐵 = 𝐵𝐵1𝜑𝜑𝜑̇𝜑 +
𝐵𝐵2𝜑𝜑sign(𝜑̇𝜑).   𝑀𝑀𝑅𝑅 = �𝐾𝐾𝑐𝑐(𝑇𝑇0𝑠𝑠 + 1) (𝑇𝑇𝑝𝑝𝑝𝑝 + 1⁄ )�𝜏𝜏1 is the cross-reaction momentum and momentum of tail rotor producing the 
input to the plant as 𝜏𝜏2 = (𝐾𝐾2 𝑇𝑇21𝑠𝑠 + 𝑇𝑇20⁄ )𝑢𝑢2. These two equations are linearized considering origin as an operating point and 
the parameter values are taken from the lab manual of the TRMS provided by Feedback Instruments Ltd. [1,4]. All the symbols 
used in this work and their corresponding values are tabulated in Table 1. The ensued transfer matrix can be written where 
𝐺𝐺11(s) and 𝐺𝐺22(s) are the transfer functions of the main and tail rotors respectively. 𝐺𝐺12(s) and 𝐺𝐺21(s) are the transfer function 
of the coupling effects on main and tail rotor, respectively. 
 

𝐺𝐺(𝑠𝑠) = �
𝐺𝐺11(𝑠𝑠) 𝐺𝐺12(𝑠𝑠)

𝐺𝐺22(𝑠𝑠) 𝐺𝐺22(𝑠𝑠)
� =

⎣
⎢
⎢
⎢
⎡

1.246
𝑠𝑠3 + 0.9215𝑠𝑠2 + 4.77𝑠𝑠 + 3.918

0

1.482𝑠𝑠 + 0.4234
𝑠𝑠4 + 6.33𝑠𝑠3 + 7.07𝑠𝑠2 + 2.08𝑠𝑠

3.6
𝑠𝑠3 + 6𝑠𝑠2 + 5𝑠𝑠⎦

⎥
⎥
⎥
⎤
 (3) 

 
Table 1. Symbols description and values. 

Symbol Description Value Symbol Description Value 
𝐼𝐼1 moment of inertia of 

vertical rotor 
6.8 × 10−2 kg.m2 𝐵𝐵2𝜑𝜑 Friction momentum  1 × 10−2 Nms/rad 

𝐼𝐼2 moment of inertia of 
horizontal rotor 

2.10 × 10−2 kg.m2 𝐾𝐾𝑔𝑔𝑔𝑔 Gyroscopic momentum  0.05 s/rad 

𝑎𝑎1 static characteristic  0.0135 𝐾𝐾1 Motor 1 gain 1.1 
𝑎𝑎2 static characteristic  0.0924 𝐾𝐾2 Motor 2 gain 0.8 
𝑏𝑏1 static characteristic  0.02 𝑇𝑇11 Motor 1 denominator 

parameter 
1.1 
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𝑏𝑏2 static characteristic  0.09 𝑇𝑇10 Motor 1 denominator 
parameter 

1 

𝑚𝑚𝑔𝑔 gravity momentum 0.32 N.m 𝑇𝑇21 Motor 2 denominator 
parameter 

1 

𝜓𝜓 Pitch angle (Main rotor) _ 𝑇𝑇20 Motor 2 denominator 
parameter 

1 

𝜑𝜑 Yaw angle (Tail rotor) _ 𝑇𝑇𝑝𝑝 Cross reaction 
momentum parameter 

2 

𝐵𝐵1ψ Friction momentum  6 × 10−3 Nms/rad 𝑇𝑇0 Cross reaction 
momentum parameter 

3.5 

𝐵𝐵2ψ Friction momentum  1 × 10−3 Nms/rad 𝐾𝐾𝑐𝑐 Cross reaction 
momentum gain 

-0.8 

𝐵𝐵1φ Friction momentum  1 × 10−1 Nms/rad    
 
 

 
Figure 2. Two degrees of freedom control of MIMO system. 

3. DESIGN OF CONTROLLER 

3.1 2-DOF PID structure 
In this paper, a 2-DOF based PIDF is proposed based on edge theorem and the 2-DOF control structure is shown in Figure 2. 
The ranges of parameters of PIDF controller have been obtained based on edge theorem stability criterion and the optimum 
value of controller parameter has been determined within the obtained range using PSO technique. The structure of 2-DOF 
controller can be summarized as 𝐻𝐻(𝑠𝑠) 𝐹𝐹(𝑠𝑠)⁄  (feedback controller) and 𝑄𝑄(𝑠𝑠) 𝐹𝐹(𝑠𝑠)⁄  (feedforward controller) as displayed in 
Figure 2. 𝐻𝐻(𝑠𝑠) 𝐹𝐹(𝑠𝑠)⁄  is the transfer function of PIDF as in Equation (4) [35], 
 

𝐻𝐻(𝑠𝑠)
𝐹𝐹(𝑠𝑠)

=
𝐾𝐾𝑝𝑝𝑠𝑠 + 𝐾𝐾𝑖𝑖 + 𝐾𝐾𝑑𝑑𝑠𝑠2

𝑠𝑠(𝑠𝑠 + 𝑁𝑁)
 (4) 

 
where 𝐾𝐾𝑝𝑝, 𝐾𝐾𝑖𝑖 and 𝐾𝐾𝑑𝑑 are proportional, integral, and derivative gains respectively, and 𝑁𝑁 is a filter coefficient. The value of 
𝑄𝑄(𝑠𝑠) is carefully obtained based on pole cancellation so that the transient response of the system become faster [24]. If the 
transfer functions of TRMS for main and tail rotor are given as  
 

𝐺𝐺11(𝑠𝑠) = (𝑏𝑏1𝑛𝑛𝑠𝑠𝑛𝑛 + 𝑏𝑏1(𝑛𝑛−1)𝑠𝑠𝑛𝑛−1 + 𝑏𝑏1𝑠𝑠 + 𝑏𝑏10) (𝑠𝑠𝑛𝑛 + 𝑎𝑎1(𝑛𝑛−1)𝑠𝑠𝑛𝑛−1 + 𝑎𝑎1𝑠𝑠 + 𝑎𝑎10)�  
and  

𝐺𝐺22(𝑠𝑠) = (𝑏𝑏2𝑛𝑛𝑠𝑠𝑛𝑛 + 𝑏𝑏2(𝑛𝑛−1)𝑠𝑠𝑛𝑛−1 + 𝑏𝑏2𝑠𝑠 + 𝑏𝑏20) (𝑠𝑠𝑛𝑛 + 𝑎𝑎2(𝑛𝑛−1)𝑠𝑠𝑛𝑛−1 + 𝑎𝑎2𝑠𝑠 + 𝑎𝑎20)� , 
 
The closed-loop characteristics equation is formulated in term of coefficient 𝛿𝛿 as 
 

𝛿𝛿(𝑠𝑠) = 𝑠𝑠5 + 𝛿𝛿4𝑠𝑠4 + 𝛿𝛿3𝑠𝑠3 + 𝛿𝛿2𝑠𝑠2 + 𝛿𝛿1𝑠𝑠 + 𝛿𝛿0 (5) 
 
In 𝑄𝑄(𝑠𝑠), 𝛼𝛼 is calculated in this work as 

𝛼𝛼 =
𝛿𝛿0

𝑝𝑝1𝑝𝑝2𝑏𝑏10
 

(6) 
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Positions of two poles are 𝑝𝑝1 and 𝑝𝑝2 of characteristics equation, 
 

 𝑄𝑄(𝑠𝑠) = 𝛼𝛼(𝑠𝑠 + 𝑝𝑝1)(𝑠𝑠 + 𝑝𝑝2) (7) 

3.2 Edge Theorem  
The stability of the system is a very important aspect of an efficient controller design. For a proper robust controller design, 
the stability of the system plays a significant role. Any controller is said to be robust when the performance of the system 
remains unchanged even where there is some change in system parameters or due to disturbances associated with the system. 
But for testing system stability when precise values are not known, it is quite difficult to test the stability of such a system 
because the conventional stability techniques are not able to be implemented in such a type of system. To test such stability, a 
given plant is converted to the interval plants and researchers have shown that the implementation of edge theorem is quite 
easy as compared to Kharitonov theorem [2-3]. In this method to check the stability of 𝑛𝑛 uncertain parameters  2𝑛𝑛 polynomials 
are required. Considering the system whose real numbers are 𝛼𝛼0 < 𝛼𝛼1 <. . . < 𝛼𝛼𝑛𝑛 and variable gains are 𝑞𝑞 = [𝑝𝑝0, 𝑝𝑝1, . . . , 𝑝𝑝𝑛𝑛] in 
box is 𝑄𝑄 = �𝑞𝑞: 𝑝𝑝𝑖𝑖 ∈ [𝑝𝑝𝑖𝑖 , 𝑝𝑝𝑖𝑖], 𝑖𝑖 = 0,1,2, . . . .𝑛𝑛�. 𝑝𝑝𝑖𝑖  and 𝑝𝑝𝑖𝑖  are maximum and minimum bounds of 𝑖𝑖th perturbation of 𝑝𝑝𝑖𝑖 . For 
𝑃𝑃(𝑠𝑠, 𝑞𝑞), 2𝑛𝑛+1 edge polynomials are written as 
 

𝑃𝑃(𝑠𝑠, 𝑞𝑞) = 𝑃𝑃0𝑠𝑠𝛼𝛼0 + 𝑃𝑃1𝑠𝑠𝛼𝛼1 + 𝑃𝑃2𝑠𝑠𝛼𝛼2+. . . . +𝑃𝑃𝑛𝑛𝑠𝑠𝛼𝛼𝑛𝑛 (8) 
𝑣𝑣1(𝑠𝑠) = 𝑝𝑝0𝑠𝑠𝛼𝛼0 + 𝑝𝑝1𝑠𝑠𝛼𝛼1 + 𝑝𝑝2𝑠𝑠𝛼𝛼2+. . . . +𝑝𝑝𝑛𝑛𝑠𝑠𝛼𝛼𝑛𝑛  
𝑣𝑣2(𝑠𝑠) = 𝑝𝑝0𝑠𝑠𝛼𝛼0 + 𝑝𝑝1𝑠𝑠𝛼𝛼1 + 𝑝𝑝2𝑠𝑠𝛼𝛼2+. . . . +𝑝𝑝𝑛𝑛𝑠𝑠𝛼𝛼𝑛𝑛  
𝑣𝑣3(𝑠𝑠) = 𝑝𝑝0𝑠𝑠𝛼𝛼0 + 𝑝𝑝1𝑠𝑠𝛼𝛼1 + 𝑝𝑝2𝑠𝑠𝛼𝛼2+. . . . +𝑝𝑝𝑛𝑛𝑠𝑠𝛼𝛼𝑛𝑛  

𝑣𝑣2𝑛𝑛+1(𝑠𝑠) = 𝑝𝑝0𝑠𝑠𝛼𝛼0 + 𝑝𝑝1𝑠𝑠𝛼𝛼1 + 𝑝𝑝2𝑠𝑠𝛼𝛼2+. . . . +𝑝𝑝𝑛𝑛𝑠𝑠𝛼𝛼𝑛𝑛 (9) 
 

The polynomial 𝑃𝑃(𝑠𝑠, 𝑞𝑞) is said to be stable under all conditons if and only if the polynomial represented in (9) is stable.  

3.3 Controller Design for MIMO plant  
Figure 2 displays the 2-DOF PIDF controller structure of MIMO plant using the proposed method in which independent 
controllers are formulated for each loop of the MIMO system. The edge theorem is employed to get the robust values of PIDF 
controller. The design steps for the design of controller for MIMO system 𝐺𝐺(𝑠𝑠) are as follows: 
 
Step 1: Initially, the individual transfer function of the given transfer matrix is identified for which controller is designed and 
the closed-loop characteristic equation, 𝐺𝐺𝑐𝑐(𝑠𝑠) is written for each loop of the MIMO plant for which controller is designed.  
Step 2: Substitute 𝑠𝑠 = 𝑗𝑗𝑗𝑗 in the characteristic equation 𝐺𝐺𝑐𝑐(𝑠𝑠) and divide into two parts known as real and imaginary. 
Step 3: To find the range of the controller parameters 𝐾𝐾𝑝𝑝, 𝐾𝐾𝑖𝑖 and 𝐾𝐾𝑑𝑑, one parameter is first assumed, and the other two 
parameters are determined by solving two resultant equations obtained in previous step.  Select the suitable filter coefficient 
as constant depending on time domain performance under the condition 𝜔𝜔 ≥ 𝜔𝜔𝑔𝑔𝑔𝑔. 𝜔𝜔𝑔𝑔𝑔𝑔 is the gain crossover frequency of the 
decoupled plant. 
Step 4: The lower and upper values of 𝐾𝐾𝑝𝑝, 𝐾𝐾𝑖𝑖 and 𝐾𝐾𝑑𝑑  are placed in the polynomials expressed by Equation (9) to test that 
obtained gain value is robust stable or not.  
Step 5: Finally, from the obtained range of the controller parameters, one gain value of the controller parameter is obtained 
through PSO algorithm. 

3.3.1 Controller Design for TRMS  
With the obtained dimension of controller gains of PIDF, the transfer function of main rotor is written as 
 

𝐺𝐺11(𝑠𝑠) =
1.246

𝑠𝑠3 + 0.9215𝑠𝑠2 + 4.77𝑠𝑠 + 3.918
 (10) 

 
The corresponding feedback expression is determined as shown in Figure 2. In the design of a practical controller with 

derivative action, a high frequency measurement noise will be generated which in turns control signal variations very high. 
The implication of unwanted signals is minimized by selecting 𝑁𝑁 as described in Equation (4). The location of the filter's pole 
in the derivative action, which lowers the controller's sensitivity and increases its robust performance in the presence of high 
frequency is used to determines the value of 𝑁𝑁. The load disturbance rejection performance is improved by using a proper N. 
In this work the values of N is found as 2.9 for main rotor and 5 for tail rotor. 
 

𝑠𝑠5 + 3.82𝑠𝑠4 + 7.44𝑠𝑠3 + 𝑠𝑠2[17.75 + 1.246𝐾𝐾𝑑𝑑] + 𝑠𝑠[11.36 + 1.246𝐾𝐾𝑝𝑝] + 1.246𝐾𝐾𝑖𝑖 = 0 (11) 

If 𝐺𝐺(𝑠𝑠) is plant and 𝐶𝐶(𝑠𝑠) is controller’s transfer function, the open loop compensated transfer function can be written as 
𝐺𝐺0(𝑠𝑠) = 𝐺𝐺(𝑠𝑠)𝐶𝐶(𝑠𝑠). Substituting the value of 𝑠𝑠 = 𝑗𝑗𝑗𝑗, one can represent it as 𝐺𝐺(𝑗𝑗𝑗𝑗)𝐶𝐶(𝑗𝑗𝑗𝑗) = 𝛼𝛼𝑒𝑒𝑗𝑗𝑗𝑗 , where |𝐺𝐺(𝑗𝑗𝑗𝑗)𝐶𝐶(𝑗𝑗𝑗𝑗)| = 𝛼𝛼 
and ∠𝐺𝐺(𝑗𝑗𝑗𝑗)𝐶𝐶(𝑗𝑗𝑗𝑗) = 𝛽𝛽. The formulated characteristic equation can be represented as [12],  
 
 1 + 1

𝛼𝛼
𝑒𝑒−𝑗𝑗(180+𝛽𝛽𝑖𝑖)𝐺𝐺(𝑗𝑗𝑗𝑗)𝐶𝐶(𝑗𝑗𝑗𝑗) = 0  
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 ⇒ 1 + 𝐴𝐴𝑒𝑒−𝑗𝑗𝑗𝑗𝐺𝐺(𝑗𝑗𝑗𝑗)𝐶𝐶(𝑗𝑗𝑗𝑗) = 0 (12) 
 

 𝑠𝑠5 + 3.82𝑠𝑠4 + 7.44𝑠𝑠3 + 17.75𝑠𝑠2 + 11.36𝑠𝑠 + [1.246𝐾𝐾𝑖𝑖 + 1.246𝐾𝐾𝑝𝑝𝑠𝑠 + 1.246𝐾𝐾𝑑𝑑𝑠𝑠2][𝐴𝐴 𝑐𝑐𝑐𝑐𝑐𝑐 𝛾𝛾 − 𝑗𝑗𝑗𝑗 𝑠𝑠𝑠𝑠𝑠𝑠 𝛾𝛾] = 0 (13) 
 

Then substituting the value of 𝑠𝑠 = 𝑗𝑗𝑗𝑗 gives 
 

 𝑗𝑗𝜔𝜔5 + 3.82𝜔𝜔4 − 𝑗𝑗7.44𝜔𝜔3 − 17.75𝜔𝜔2 + 𝑗𝑗11.36𝜔𝜔 + 1.246𝐾𝐾𝑖𝑖𝐴𝐴 𝑐𝑐𝑐𝑐𝑐𝑐 𝛾𝛾 + 𝑗𝑗𝑗𝑗1.246𝐾𝐾𝑝𝑝𝐴𝐴 𝑐𝑐𝑐𝑐𝑐𝑐 𝛾𝛾 − 𝜔𝜔21.246𝐾𝐾𝑑𝑑𝐴𝐴 𝑐𝑐𝑐𝑐𝑐𝑐 𝛾𝛾 −
𝑗𝑗1.246𝐾𝐾𝑖𝑖𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠 𝛾𝛾 + 𝜔𝜔1.246𝐾𝐾𝑝𝑝𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠 𝛾𝛾 + 𝑗𝑗𝜔𝜔31.246𝐾𝐾𝑑𝑑𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠 𝛾𝛾] = 0 (14) 
 
After equating real and imaginary parts to zero, one can get two expressions as 
 
 𝑗𝑗𝜔𝜔5 − 𝑗𝑗7.44𝜔𝜔3 + 𝑗𝑗11.36𝜔𝜔 + 𝑗𝑗1.246𝐾𝐾𝑝𝑝𝐴𝐴 𝑐𝑐𝑐𝑐𝑐𝑐 𝛾𝛾 𝜔𝜔 − 𝑗𝑗1.246𝐾𝐾𝑖𝑖𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠 𝛾𝛾 + 𝑗𝑗1.246𝐾𝐾𝑑𝑑𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠 𝛾𝛾 𝜔𝜔3 = 0 (15) 
 3.82𝜔𝜔 − 17.75𝜔𝜔2 + 1.246𝐾𝐾𝑖𝑖𝐴𝐴 𝑐𝑐𝑐𝑐𝑐𝑐 𝛾𝛾 − 𝜔𝜔21.246𝐾𝐾𝑑𝑑𝐴𝐴 𝑐𝑐𝑐𝑐𝑐𝑐 𝛾𝛾 + 𝜔𝜔1.246𝐾𝐾𝑝𝑝𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠 𝛾𝛾 = 0  (16) 
 
where the range of controller gains are [𝐾𝐾𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚, [𝐾𝐾𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚] and [𝐾𝐾𝑑𝑑𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝑑𝑑𝑚𝑚𝑚𝑚𝑚𝑚] for 𝐾𝐾𝑝𝑝, 𝐾𝐾𝑖𝑖 and 𝐾𝐾𝑑𝑑 respectively. One 
can easily understand that to find the solution of any equations, the unknowns should be similar to the number of equations 
but here the number of unknowns is more than the number of equations. Therefore, to get the solutions, one unknown is 
assumed first, and the other unknowns are determined by solving and satisfying Equations (15) and (16) considering 𝐴𝐴 = 1 
and 𝛾𝛾 = 0 [18,19].  

To determine the most appropriate region for a robust controller among three sets of controller gains, a stepwise approach 
is employed. Initially, each set of controller gains is individually considered. Subsequently the remaining gains are calculated 
through the solution of equations, leading to the identification of a common region as depicted in Figure 3. In the first phase, 
the range for 𝐾𝐾𝑝𝑝 is established, with the minimum and maximum values being assumed. Then, using Equations (15) and (16), 
the values for 𝐾𝐾𝑖𝑖 and 𝐾𝐾𝑑𝑑 are computed and displayed in Figure 3(a). Moving on, the process is repeated with 𝐾𝐾𝑖𝑖 being the 
variable, and 𝐾𝐾𝑝𝑝 and 𝐾𝐾𝑑𝑑 are derived by solving the same Equations (15) and (16) as shown in Figure 3(b). Lastly, 𝐾𝐾𝑑𝑑 is taken 
as the initial parameter, and 𝐾𝐾𝑝𝑝 and 𝐾𝐾𝑖𝑖 are determined through the solution of Equations (15) and (16) and portrayed in Figure 
3(c). Ultimately, the intersection of these ranges is chosen as the robust region for the controller parameters as shown in Figure 
3(d). In this work, controller gain values are calculated for main rotor as 𝐾𝐾𝑝𝑝= [0.1 0.6], 𝐾𝐾𝑖𝑖= [1 16.5] and 𝐾𝐾𝑑𝑑= [0.67 1.2] and 
for tail rotor as 𝐾𝐾𝑝𝑝= [5.2 10], 𝐾𝐾𝑖𝑖= [1 4] and 𝐾𝐾𝑑𝑑= [0.36 6.47]. The above set of parameters also satisfied the edge theorem 
robust stability criteria displayed in Equation (9). Hence, it is justified that the obtained range of controller parameter is robust.  
 

 
(a) 

 
(b) 

 

 
(c) 

 

 
(d) 

 
Figure 3. Range of controller gains when (a) 𝐾𝐾𝑝𝑝 is assumed first, (b) 𝐾𝐾𝑖𝑖 is assumed first, (c) 𝐾𝐾𝑑𝑑 is assumed first, (d) Common 

zone of controller gains. 
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Figure 4. Flow chart of PSO. 

3.4 Fine Tuning of Parameters Using PSO   
Knowing the ranges of controller gains obtained from edge theorem, PSO is satisfactorily applied to tune gains for minimizing 
fitness function considered here as integral absolute error (IAE) which is described by Equation (17). A population-based 
stochastic optimization known as PSO is motivated by the social interactions of fish and birds. PSO is a type of evolutionary 
algorithm that falls under the larger category of algorithms used to solve optimization and search problems. PSO is frequently 
used to solve a variety of optimization problems in various domains where identifying the best solution is difficult. Its ease of 
use, effectiveness, and capacity to manage complicated search areas make it a widely used option for optimization. The 
procedure of PSO algorithm is the combination of initialization where the optimization problem is formulated, and swarms are 
generated followed by the evaluation of the objective function which is to be minimized. The objective function is minimized 
by updating the velocity and the positions of the swarms that are initialized until the termination criteria is not satisfied. 
 
 𝐼𝐼.𝐴𝐴.𝐸𝐸. = ∫ ∑ 𝑒𝑒𝑖𝑖(𝑡𝑡)𝑑𝑑𝑑𝑑𝑛𝑛

𝑖𝑖=1
𝑡𝑡
0  (17) 

 
where 𝑒𝑒 is the error defined as difference between desired output response and actual output response. In PSO, solution of any 
problem is represented through the particles. They are represented in 𝑑𝑑(1,2,3, . . . . ,𝐷𝐷) dimensional space. Considering 𝑥𝑥𝑖𝑖 is the 
position of the particle and denoted through 𝑥𝑥𝑖𝑖 = (𝑥𝑥𝑖𝑖1 , 𝑥𝑥𝑖𝑖2, . . . . , 𝑥𝑥𝑖𝑖𝑖𝑖). 𝑝𝑝𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏  so far best place according to previous results based 
on minimum objective function.  Out of all that the best position is denoted as 𝑔𝑔𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 . The optimization algorithm depends upon 
the velocity of the particle, and it is written by an expression: 𝑣𝑣𝑖𝑖 = (𝑣𝑣𝑖𝑖1 , 𝑣𝑣𝑖𝑖2, . . . . , 𝑣𝑣𝑖𝑖𝑖𝑖). The velocity of each particle is updated 
with respect to previous particle following the Equation (18) and known as individual best and among all the particles it is 
termed as global best. It is mainly dependent on two components called exploration and exploitation which are responsible for 
motivating the particle to find the search space and guiding the particles towards the best solutions, respectively. Next, each 
particle's position is updated according to its velocity and current position following Equation (19). Based on the particle 
fitness values that is to be minimized and which is defined in this problem through Equation (17). The algorithm modifies the 
global and individual optimum values [13] expressed by Equations (18) and (19).  
 
 𝑣𝑣𝑖𝑖𝑖𝑖𝑛𝑛+1 = 𝑣𝑣𝑖𝑖𝑖𝑖𝑛𝑛 + 𝑐𝑐1𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟()(𝑝𝑝𝑖𝑖𝑖𝑖𝑛𝑛 − 𝑥𝑥𝑖𝑖𝑖𝑖𝑛𝑛 ) + 𝑐𝑐2𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟()(𝑝𝑝𝑔𝑔𝑔𝑔𝑛𝑛 − 𝑥𝑥𝑔𝑔𝑔𝑔𝑛𝑛 ) (18) 
 𝑥𝑥𝑖𝑖𝑖𝑖𝑛𝑛+1 = 𝑥𝑥𝑖𝑖𝑖𝑖𝑛𝑛 + 𝑣𝑣𝑖𝑖𝑖𝑖𝑛𝑛+1 (19) 

 
where 𝑑𝑑 is the dimension, 𝑣𝑣𝑖𝑖𝑖𝑖  is particle velocity, 𝑐𝑐1 and 𝑐𝑐2 are cognitive and group constants, random number is represented 
as rand (), 𝑥𝑥𝑖𝑖𝑖𝑖  is present situation, 𝑝𝑝𝑖𝑖𝑖𝑖 is best situation, 𝑝𝑝𝑔𝑔𝑔𝑔 is best position and 𝑛𝑛 is total iteration. The complete process to 
implement PSO is displayed in Figure 4. Since it is well known the PSO is stochastic approach, therefore in this work, to 
obtain the guaranteed result the range parameters of the controller which is to be optimized is determined following the 
procedure of edge theorem described in previous section. It ensures that whatever the value of the controller is obtained through 
the PSO is surely stabilize the closed-loop compensated system. The population of particles in PSO is one of the important 
parameters.  If its value is large, it allows larger parts of the search space to be covered in one iteration. It results in fewer 
iterations to reach a good solution compared to smaller population size. The number of iterations is another important aspect 
of this algorithm depending upon the specific problems if fewer number of iterations is considered it may terminate the search 
prematurely and a large number of iterations caused unnecessary complex computation. The coefficient 𝑐𝑐1 and 𝑐𝑐2 effects on 
the velocity of the particle and if both values will be zero particles keep flying without updating until it reaches the limit of 
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search space. If 𝑐𝑐1 is greater than 𝑐𝑐2 the method operates as the local search algorithm while if 𝑐𝑐2 is greater than 𝑐𝑐1 the entire 
swarm will move to a particular point only which is also not desirable. Therefore, to get a good balance the most effective 
approach is 𝐶𝐶1 should be equal to 𝐶𝐶2 as stated in numerous cases. Based on all these conditions, values for PSO gains to control 
TRMS are as follows: Cognitive gain, 𝑐𝑐1 = 1.6, the group gain, 𝑐𝑐2 = 1.6, initial population = 1200 and iteration number =
25. 

4. SIMULATION RESULTS  
By following the proposed procedures described in previous sections, the controller parameters have been determined and the 
designed controller was tested on TRMS using MATLAB/SIMULINK environment. An input of 1 rad is applied to test the 
performance of the designed controller. The output responses and the control signals are plotted to investigate the performance 
of the designed controller. 

The results obtained from the simulation are displayed in Figures 5(a) and 5(b), that exhibit step output of both the main 
and tail rotors. It is worth noting that in these figures, the magnitude of the step response has been set to 1, which is nearly the 
maximum step response that can be implemented to a given system in real time. The responses unequivocally demonstrate that 
output effectively tracked the step response in a very short amount of time. Figures 6(a) and 6(b) present control signals for 
the pitch and yaw angles, correspondingly which also clearly indicate that at no point the control signal crosses the maximum 
value of the control signal fixed for TRMS which is 2.5 V [1]. The responses have also been utilized to assess the robustness 
of the developed method. In this evaluation, the main rotor is subjected to the step response, while the tail rotor initially 
experiences a square signal input. Figure 7 reveals the appropriate output responses that the tail rotor response is square, and 
the main rotor response is step. The most important thing to be noted is that the square reference tail rotor input does not disturb 
the performance of the main rotor output. A similar scenario arises when a square input is tested to main rotor and a step signal 
is applied to tail rotor, as depicted in Figure 8. In this case, the corresponding main rotor response exhibits a square shape, 
while the yaw angle response follows a step input. One can clearly understand from the transfer matrix of TRMS represented 
by Equation (3) that a strong coupling effect is present in tail rotor due to main rotor, but the output response of tail rotor is 
not much disturbed due to the square input applied to main rotor where the output response follows the reference step input 
only portrayed in Figure 8(b) which clearly indicates the capability of the designed controller. 

Furthermore, Table 2 presents a comparison of developed controller implemented plant output responses with the results 
obtained from earlier investigations available in literature [20]. The data in Table 2 clearly indicates that the developed 
controller outperforms the preliminary findings. The magnitude of the overshoot and settling time are much lesser in the 
obtained results as compared to the previous works. The performance of the designed controller is also compared with respect 
to IAE with the previous work depicted in Table 3 and found that the proposed control method is superior to the previous work 
[38].  
 

 
(a) 

 

 
(b) 

Figure 5. Output response (a) Main rotor, (b) Tail rotor. 
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(a) 

 

 
(b) 

Figure 6. Control signal (a) Main rotor, (b) Tail rotor. 

 

 
(a) 

 

 
(b) 

 
Figure 7. (a) Main rotor output response for step input when square input is applied to tail rotor, (b) Tail rotor output 

response for square input. 
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(a) 

 

 
(b) 

Figure 8. (a) Main rotor output response for square input, (b) Tail rotor output response for step input 
when square input is applied to main rotor. 

Table 2. Comparative study time response performance of TRMS. 

 Vertical plane Horizontal plane 
 Reference 

value 
(rad) 

Settling 
time 
(sec) 

Maximum 
overshoot 

(%) 

Reference 
value 
(rad) 

Settling 
time 
(sec) 

Maximum 
overshoot 

(%) 
Proposed 2-DOF PID controller 1 09 0 1 12 8 

PSO optimized PID controller [20] 1 20 30 1 10 30 

 

Table 3. Comparative study of IAE of TRMS. 

 Main rotor Tail rotor 
Proposed 2-DOF PID controller 4.1150 1.6270 

Controller based on chaotic gravitational search algorithm [38] 10.7582 10.7582 
Controller based on real coded genetic algorithm [38] 30.3570 30.3570 

 

4.1 Plant Parameter Variation   
The system also exhibits satisfactory performance even when there is a 25% increase in the moment of inertia, which is one 
of the system parameters. Figures 9(a) and 9(b) depict the output responses of the TRMS when the moment of inertia is 
increased by 25%. 

4.2 Disturbance Rejection   
The robust performance is also verified by applying output pulse disturbance having the magnitude of 20% to the reference 
input of the plant. It is applied at time 30 second to main rotor output and removed at 50 second whereas in case of tail rotor 
output it is applied at time 70 second and removed at 90 second. It is seen from the response plotted in Figure 10 that for both 
rotors, the designed controller is quite capable of settling the output response within 5 seconds.  
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(a) 

 

 
(b) 

Figure 9. Step input responses with 25% increment in the moment of inertia of the plant (a) Main rotor, (b) Tail rotor. 

 

 
(a) 

 

 
(b) 

Figure 10. Output responses in presence of output disturbance (a) Main rotor, (b) Tail rotor. 

5. CONCLUSION 
In this paper, PID based 2-DOF controllers are designed individually for both rotors of TRMS based on edge theorem robust 
stability criteria. The designed controllers based on edge theorem have been successfully implemented on the non-linear model 
of TRMS which have a strong coupling effect. The obtained responses indicate that the designed controllers are quite capable 
of getting the desired performance without incorporating any decoupling scheme. Thus, this control scheme verifies that the 
application of a decoupler is not necessarily required for TRMS. By altering the reference value's properties, plant parameter 
variations and output disturbance the designed controller's robust performance is also tested. The effectiveness of this work is 
also evaluated in comparison to earlier findings. It is evident that the proposed controller delivers notably improved 
performance compared to the previous results available in literature. 
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