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Abstract: The chattering problem phenomenon occurred due to the high-frequency switching of a sliding mode controller
exciting unmodelled dynamics in the closed loop. Unmodelled dynamics may be those of sensors and actuators neglected in
the principal modelling process since they are generally significantly faster than the main system dynamics. In the MacPherson
active suspension system, the phenomenon occurred due to unmodelled dynamics on tire in a quarter car model. The
Proportional Integral Sliding Mode Control (PISMC) is combined with Composite Nonlinear Feedback (CNF) technigue due
to its characteristics on the transient response and fast settling time. The sigmoid function is used in PISMC-CNF control law
to reduce chattering problem. The Evolution Strategy is used to find the best boundary layer thickness based on the road
profiles applied to the MacPherson active suspension system. The results show the significant of the proposed solution in the
mentioned application based on acceleration of spring mass.
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1. INTRODUCTION

The MacPherson car suspension system uses the axis of a telescopic damper as the upper steering pivot. Earle S. MacPherson
developed the design of the strut in 1949. It has become one of the most widely used designs in the vehicle suspension system
in modern automotive design. To facilitate the ideal suspension with regard to comfort, handling, and safety, various
commercial technologies have been used to improve or replace the conventional passive suspension system.

In the modern automotive active suspension modelling, there are three mathematical models used by the researchers in
the past research work [1]. The quarter car model consists of two degrees of freedom (DOF) for the vertical dynamic equation
including sprung mass and unsprung mass. A half-car model consists of four DOF of the vertical dynamic equation which
represents either the vertical and pitch motions corresponding to the bicycle model or the vertical and roll motions
corresponding to the axle model. A full car model consist of seven DOF including roll, pitch, vertical motions of wheels and
vertical motions of the vehicle body. The quarter car model active suspension system is the most popular model for control
performance in ride comfort and road handling quality due to its simplicity but significant.

The MacPherson model is usually used as front suspension of the vehicle and also can be used for both front and rear
suspensions. Hong et al. [2] focused on the new modelling of MacPherson active suspension system that is the rotational
motion of the unsprung mass. The two generalised coordinates selected in this new model were the vertical displacement of
the sprung mass and the angular displacement of the control arm. The authors claimed that the new model was more general
in the sense that it provided an extra degree of freedom in determining a plant model for control system design. However the
authors did not mention about self-steer phenomenon. Chen and Beale [3] claimed that the motion equation was successfully
derived with off-the-centre-of-mass of body-fixed coordinates in Euler parameters. This research work puts the foundation for
experimental measurements of base dynamic parameters and the application of base dynamic parameter estimation techniques
in suspension design. A study about uncertainties in the MacPherson suspension system is an important issue to propose a
control strategy to the system. However, the authors did not mention any control strategy to apply in the MacPherson active
suspension system.
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Goh et al. [4] presented a case study of a MacPherson automotive suspension analysis, and evaluated the uncertainties in
the modelling of this complex dynamic problem, using a simplified analytical model and a complex computational model.
However, the finding of this research was to identify the uncertainty in the suspension system used and did not mention about
self-steer. Hurel et al. [5] proposed kinematic-dynamic model for the MacPherson active suspension system. They also
proposed a systematic development of the planar model as well as the complete set of mathematical equations. The proposed
model has been compared to a realistic Adams/View model to analyse dynamic behaviour against road perturbations and two
relevant kinematic parameters: camber angle and track width variation.

The first step of Variable Structure Control Systems was invented from the ground-breaking work in Russia by Emel’yanov
and Barbashin in the early 1960s. The concept was used in Russia until the mid of 1970s when a book by Itkis and a review
paper by Utkin were published in English version in 1976 and 1977 respectively. The control strategies have been applied in
the design of robust controller, model-reference systems, adaptive control, tracking systems, state observes and fault detection
control. The Sliding Mode Control (SMC) is widely used in various engineering fields. Sam et al. [6] used PISMC in a linear
quarter car model active suspension system. Lin and Lian [7] used ISMC in a full car active suspension system, whereas
Chamseddine et al. [8] used SMC in a linear full car active suspension system. Zhou and Zhang [9] and Chen et al. [10] used
SMC in a semi-active suspension system. Pati et al. [11] used SMC in a half-car model active suspension system, while
Puleston et al. [12] and Xiaogiu and Yurkovich [13] used SMC for speed control in an automotive engine. Govindaswamy et
al. [14] and Alwi and Edward [15] used SMC controller to control the lateral dynamics of the F-14 aircraft under powered
approach.

Zhang and Lan [16] used Composite Nonlinear Feedback (CNF) for control of a DC motor in a hard drive with fast response
and reduced overshoot by varying the damping ratio. Moreover, Lin et al. [17] described the concept of CNF for tracking
control performance for linear system. It was the best reference for understanding the CNF controller design. The authors
claimed that the designed nonlinear feedback law causes the output to track a high amplitude step input rapidly without
experiencing a large overshoot, as well as, without the adverse actuator saturation effects. On the other hand, Chen et al. [18]
studied the theory and the applications of the CNF. It was an expanded research work from [17]. The authors classified the
CNF in three cases, i.e., the state feedback, the full order measurement feedback, and the reduced-order measurement cases.
The details of derivation and proof were given as well. This rest of the paper is organised as follows Section 2 presents system
modelling of a quarter car active suspension system. Section 3 elaborates the controller design of PISMC-CNF based on a
MacPherson active suspensions. Section 4 gives results and analysis based on the boundary layer thickness and sigmoid
function and finally Section 5 gives a conclusion of the research work.

2. SYSTEM MODELLING

2.1 Quarter Car Model of MacPherson Active Suspension System

The quarter car model for MacPherson active suspension system uses the Lagrange equation. As shown in Figure 1, let (Y, Z,),
(Yg, Zg) and (Y, Z) denote the coordinates of points A, B and C, respectively, when the suspension system is at an equilibrium
point. Then, the following equations hold:

Y, =0 1)
Zp= Zs 2
Yg = lg(cos(8 — 8,) — cos(—6,)) 3)
Yp = Zs + I5(sin(0 — ,) — sin(—8)) 4)
Yo = l-(cos(6 — 6,) — cos(—6,)) (5)
Ye =Z; + 1(sin(6 — 8y) — sin(—0,)) (6)

where 6, is the initial angular displacement of the control arm at an equilibrium point.

Leta’ = a + 6,. Then, the following relations are obtained from the triangle OAB.
= (12 412 — 21,15 cos a') /2 @
I'= (2 + 13 — 21,1, cos a’ — )/ (8)

where [ is the initial distance from A to B at an equilibrium state, and [’ is the changed distance from A to B with the rotation
of the control arm by 6. Therefore, the deflection of the spring, relative velocity of the damper and deflection of the tyre are:

1
(AD? = (1 —1")? = 2a; — b(cosa’ + cos(a’ — 0)) — 2{a? — a;b;(cosa’ + cos(a’ — 0) + b? cosa’ cos(a’ —0))}z  (9)

bysin(a’-0)0
2(a;-b; cos(a’—@))l/Z

Ze — Zy = lo(sin(@ — 6,) — sin(—6,)) — Z, (11)

Al=[-1=

(10)
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Whel’e a, = lﬁ + lé and bl = ZlAlB.

[

N

Figure 1. A free body diagram of quarter car model of the MacPherson active suspension system [2]

The equations of motion of the new model are now derived by the Lagrangian mechanics. Let T, V and D denote the
kinetic, potential and the damping energies of the system, respectively. Then the equations are:

T =-mgZ2 +-m, (V2 + 22) (12)

V =3k (AD? + Sk (Ze ~ Z,)° (13)
2 \2

D= %cp (A1) (14)

Substituting the derivatives of Equations (5), (6), (9), (10) and (11) into Equations (12), (13) and (14) yields
T =%(ms +m,)Z2 +%mul§92 + myl; cos 8 67 (15)

142
V= %ks [Za[ — by(cosa’ + cos(a’ — 6)) — 2{a? — a;b,(cosa’ + cos(a’ — 8) + b? cos a’ cos(a’ — 9))}5] + %kt[Zs +

lc(sin(8 — 6,) — sin(—6,)) — Z,]* (16)

_ cpbfsin?(a’-6)d

" 8(a;—b; cos(a’-6)) 17)

Finally, for the two generalised coordinates, q; = Z; and g, = 8 the motion equation for a quarter car model of the
MacPherson active suspension system in Figure 1 can be represented as [2]:

The first Lagrange equation of motion yields
(ms +my)Z; + myl; cos(8 — 6,) 6 — myl:sin(@ — 6,) 62 + k. (z + I (sin(8 — 6,)) — sin(6,y) — Z,) = —f, (18)
The second Lagrange equation of motion gives

cpbf sin(a’—0,)0

L L
mylg6 +mylc cos(6 — 80) Zs + 0 m s

+ k. l; cos(6 — 0y)(Z; + I (sin(8 — 6,) — sin(—6,)) — Z,) —

4 =l (19)

1 .
~k.si "— o) |b - = |\ Z.=
5 ts sm(a ) 1 + (Cl—dz cos(a’—e)l/z) s

where ¢, = a? — a;b, cos(a + 8,) and d; = a;b, — b? cos(a + 6,).

The nomenclatures are mg= mass of the car body (kg), m,= mass of the car wheel (kg), k= stiffness of the car body
spring (N/m), k.= stiffness of car tyre (N/m), c,,= damper coefficient (Ns/m), [,= distance from point 0 to A, [z= distance from
point 0 to B, I-= distance from point 0 to C, f;,= weight of human body, f,= actuator force, Z;= displacement of sprung mass,
Z,= velocity of sprung mass, Z,= acceleration of sprung mass, 6,= initial angular displacement of control arm, 8= angular
displacement of control arm, = angular velocity of control arm, 6= angular acceleration of control arm, Z,= displacement of
road profile, c,,= the linear damping coefficient, c,,= the nonlinearity damping coefficient, k,,= the linear stiffness of car
body spring, k,,= the nonlinearity stiffness of car body spring, Am¢= the uncertainty of sprung mass, Ak,= the uncertainty of
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stiffness of car tyre, Ac,,= the uncertainty of linear damping coefficient, Ac,,= the uncertainty of nonlinearity damping

coefficient, Akg,= the uncertainty of linear stiffness of car body spring and Ak.,= the uncertainty of nonlinearity stiffness of
car body spring. Table 1 shows the detail parameters used in the mathematical modelling of a MacPherson model based on [1-
2] as:

Table 1. Parameter values for the MacPherson active suspension quarter car model in [1]

Parameter Value
Mass of a car body, m 455 kg
Mass of a car wheel, m,, 71 kg
Stiffness of a car body spring, kg 17,659 N/m
Stiffness of a car tyre, k; 183,888 N/m
Damper coefficient, ¢, 1950 Ns/m
Distance from point 0 to A, I, 0.37 m
Distance from point 0 to B, lg 0.64 m
Distance from point 0 to C, I 0.66 m
Weight of human body, f, 80 kg

3. CONTROLLER DESIGN

The controller design is based on Proportional Integral Sliding Mode Control with Composite Nonlinear Feedback technique
(PISMC-CNF) due to the capabilities to reduce the angular acceleration of control arm to get good road handling. On the other
hand the PISMC-CNF can also reduce the acceleration of sprung mass to give the best performance of ride comfort.

3.1 PISMC-CNF

The main characteristic in designing the sliding mode control is that the control input must be designed to achieve the reaching
condition agyp(t)dqmp(t) < 0. The proposed controller applied to the MacPherson active suspension system can be written
as follows:

Upismc—cnr () = Ugmpeq (L) + Ugmps(t) (20)

The equivalent control wgypeq (t) is designed. The switching control w,yp,(t) is applied as follows:

1for ((CqMPBqMP)_lngP (t)> >0,
Ugmps(t) = ((CqMPBqMP)_IUqMP(t)) =1 0for <(CqMPBqMP)_1UqMP(t)) =0, (21)

\ =1 for ((CqMPBqMP)_lo'qMP(t)> <0.

The expression in Equation (21) is usually written more concisely as:

Ugmps(t) = —@ysign ((CqMPBqMP)_lngP(t)> (22)

From Equation (22), the ¢, is sliding gain. The switching control ugyps(t) is clearly discontinuous and the
sign ((CqMPBqMP)_laqMP(t)) function is the will caused by the chattering problem [19]. Therefore, a control strategy is

designed to ensure that the system dynamic is approximated to o, (t) and nearly achieve to the ideal sliding mode dynamics.
Moreover, in order to reduce the chattering problem, the boundary layer with sigmoid function continuous control law is
proposed for the nonlinear switching control component, as given the following:

((CqMPBqMP)_IU(x,t))

-1
(CqmpBqump) G(X.t))”ﬂt

quPS(t) =—w—¢ ”( (23)

where w = (f(x,6,t) + fx(t)), u is boundary thickness that is chosen to reduce chattering problem, and ¢, is sliding gain.
Both parameters are very significant to the MacPherson active suspension system. If the value of u is small, the control input
will have high switching gain and would not display the capability of reducing a chattering problem. Figure 2 shows the effect
of u in the control components of both discontinuous and continuous.
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((CqMP Baup )71 o(x, t))

,sign(ogmp) A

” ((CqMP BqMP)_lfT(xn t)) ” tu

Small value of

u

\sign(aqu)

Figure 2. The effect of u in the sigmoid function for discontinuous and continuous systems

A complete block diagram of the proposed PISMC-CNF controller used to control the MacPherson active suspension
system is illustrated in Figure 3. Three types of road profiles were employed in these numerical simulation, where their
functions as a disturbance to the system as shown from Figures 4-6. Under these road profiles, the control performance was
validated. Most of the simulations carried out were based on the properties of the PISMC-CNF.

Road Profile

UpisMC—ES—CNF

UpISMC—ES—CNF
+ Road Profile

>+.—>

Active Suspension
system with
nonlinearity and
uncertainty

States (Outputs)

ESfordxand p <

-
[z, Z, 0 0]

e

/

+ UcnF

CNF et

ESfor u <—

—

——

Uprsmc

PISMC -

ES for 1

7 3

Matrix of Coyp

Figure 3. A block diagram of the PISMC-CNF controller for MacPherson active suspension system
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4. RESULTS AND DISCUSSION

The results were obtained based on the numerical simulations of boundary layer thickness and sigmoid function. The purposes
of MacPherson active suspension control design are to reduce vertical acceleration of sprung mass for ride comfort quality, to
control the control arm for road handling performance, and to limit the acceleration of sprung mass not more than 0.315 m/s?
based on the 1ISO 2631-1, 1997 as shown in Table 2 [20].

Table 2. Vertical acceleration for sprung mass level and degree of comfort (1SO2631-1, 1997)

RMS vertical acceleration level Degree of comfort
(1) Less than 0.315 m/s? Not uncomfortable
(2) 0.315-0.63 m/s? A little uncomfortable
(3) 0.5-1 m/s? Fairly uncomfortable
(4) 0.8-1.6 m/s? Uncomfortable

(5) 1.25-2.5 m/s? Very uncomfortable
(6) Greater than 2 m/s? Extremely uncomfortable

Three road profiles as shown in Figures 4-6 were used in these numerical simulations in order to test the control
performance in MacPherson active suspension system.

Bounce Sine Sweep road profile

E—

——
—
——
—

road (m)
; 2
— T

0 2 4 6 8 10 12 14 16 18 20
Time (s)

Figure 4. Bounce sine sweep road profile

Chassis Twisted road profile

road (m)
—
—

Time (s)

Figure 5. Chassis twisted road profile

Large Smooth Bump road profile
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\
/ \
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Figure 6. Large smooth bump road profile
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4.1 Boundary Layer Thickness

The Evolutionary Strategy that had been engaged to search the best value of p; and u, is shown in Figure 7. The boundary
layer is important to reduce the chattering problem in the PISMC-CNF controller.

‘/P/reparation: Set the number of
\ trial generation, Gp,qy

o

A 4

Initialization: Set the initial

solution
P(0) = {(u1, 1)}

»i
<

\ 4

Adaptation: Generate new
cpntrol varjable

251 |27)

\ 4

Mutation: Generate new vector

' of
p=m+R M= +R

\ 4

Selection: Comparing the fitness
value of

() MR ()

/ \
. = Go to Step 2
< Termination Condition
~

G=G+1
erminate Process

(oG )
.

Figure 7. An algorithm for searching the value of boundary layer thickness

Under this numerical experiment procedure, the effect of boundary layer thickness was tested under three different road
profiles. The two best values of u; and u, were as shown in Table 3.

Table 3. Boundary layer thickness in three different road profiles

251 Ha
Bounce Sine Sweep 11.2344 0.1673
Chassis Twisted 11.9683 0.1545
Large Smooth Bump 12.1436 0.1422

The u, parameter affects the MacPherson active suspension by having a very high chattering problem. Figures 8(a) to 8(c)
show that u, gave a good response in terms of reducing chattering for acceleration of sprung mass. The proposed control
strategy showed that it successfully achieved a degree of comfort as mentioned in Table 2. The results obtained also proved
that i, reduced the chattering problem that occurred in the PISMC-CNF control law.
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Acceleration of sprung mass
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Figure 8. Acceleration of sprung mass effect for: (a) Bounce sine sweep (b) Chassis twisted and (c) Large smooth bump
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4.2 Sigmoid Function

The sigmoid function cases were applied in this numerical simulations for control performance since Mobayen [21-25] and
Bandyopadhyay [26] used in ISMC-CNF. The difference between ISMC and PISMC are at the function of controller of integral
factor and proportional factor. The integral factor gives the zero steady state error while the proportional factor affects the
transient performance. However, the ISMC is only suitable for matched uncertainties but on contrary, an active suspension
system is unmatched uncertainties for road disturbances (road profiles). Therefore the PISMC was introduced in order to
overcome the unmatched uncertainties condition. Table 4 compares the control strategies between PISMC-CNF and ISMC-
CNF in details.

Table 4. Comparison of control strategies (control law) using PISMC/ISMC-CNF

From [22] and [23] Proposed PISMC-CNF From [26]
Sigmoid function Sigmoid function Sigmoid function
Ursmc (L) By Upssmc (t) Uyspc (1) (@B )
CB)'s < -1 GB)"s(x,t)
u - X, t TV CEETE (CqMPBqMP) O-(xl t)) = —7n|s ay
_ { v ~PEOTERTS | = 0 — g, - M @By ol + 6,
ifs#0 ”((CquBqu) a(x, t))” +u _ ) )
\ Uenpr if S=0 where 0, is small which decides a

_ width of band of the sliding surface.
where p(x, t) is the switching where w = (Af(x,6,8) + fx(1)) n is a reachability condition.

function T . a4 is a controller parameter.
@4 is sliding gain ! P

w is boundary layer thickness

The comparison study was done between ISMC-CNF in [22-23], ISMC-CNF in [26] and the proposed controller PISMC-
CNF. The numerical simulation procedure was based on the three different road profiles. Figure 9 shows that the PISMC-CNF
controller exhibited a good transient performance, reduced overshoot, zero steady state error and fast response in displacement,
as well as velocity of sprung mass. Nevertheless, the results using the ISMC-CNF [22-23], and the ISMC-CNF [26] showed a
high chattering problem. Based on Table 2, ride comfort degree of vertical acceleration of the sprung mass level was less than
0.315 m/s2. Therefore the controllers satisfied the 1SO 2631-1, 1997 standard level of ride comfort as a not uncomfortable (the
best ride comfort).

Acceleration of sprung mass

} ! [ ISMC-CNF Bandyopadhyay
‘ ! { | ——PISMCCNF
"""" ISMC-CNF Mobayen

0MB(misT) s

=
'

I=
P

dx,/dt (m/s?)

Time (s)
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Figure 9. Acceleration of sprung mass effects for: (a) Bounce sine sweep (b) Chassis twisted and (c) Large smooth bump

5. CONCLUSION

The proposed controller PISMC-CNF has been successfully designed and evaluated for its control performance. The numerical
simulation on the control performance showed that the PISMC-CNF was successfully tested under boundary layer thickness
and sigmoid function. The chattering suppression has been reduced with a suitable value for boundary layer thickness and
sigmoid function by using ES. In future work, the super twisting method is another alternative method to reduce chattering
suppression in SMC which is can be applied to the similar system.
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