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Abstract: A frictional contact problem between a thermo-piezoelectric body and a thermally conductive foundation is
numerically studied in this paper. The material’s behaviour is described by means of a thermo-electro-elastic constitutive law.
The process is quasistatic, the contact is bilateral and is associated to Tresca’s law for dry friction. Hybrid formulation is
introduced, it is a coupled system for the displacement field, the electric potential, the temperature and two Lagrange
multipliers. The discrete scheme of the coupled system is introduced based on a finite element method to approximate the
spatial variable and an Euler scheme to discretize the time derivate. The frictional contact is treated by using an augmented
Lagrangian approach and a version of Newton’s method. A solution algorithm is discussed and implemented. Finally,
numerical simulation results are reported. These simulations show the performance of the algorithm and illustrate the effects
of the conductivity of the foundation, as well.

Keywords: Augmented Lagrangian method; Bilateral contact; Finite element; Quasistatic process; Thermo-piezoelectric
material.

1. INTRODUCTION

Piezoelectricity is a phenomenon which means that there is a coupling between the electrical and the mechanical state of the
material. This coupling, in piezoelectric materials like crystals and ceramics, leads to the appearance of electric potential when
a mechanical stress is applied and, conversely, mechanical strain is generated when electric potential is applied. The first effect
is used in sensors, and the reverse effect is used in actuators, in engineering control equipments. Piezoelectric materials respond
to temperature variations in a changing temperature environment. Thus, a coupling of thermo-electro-mechanical fields is
needed to be taken into account if a temperature load is considered in a piezoelectric solid. These materials are used to detect
the response of a structure by measuring the deformation induced due to applied electric potential or thermal variations.
Thermal and piezoelectric effects have been included in the structural model and a fully coupled thermo-electro-elastic analysis
has been performed, see [1-3]. Currently, there is a considerable mathematical interest in frictional contact problems involving
thermo-piezoelectric materials, see for example [4-7] and the references therein. There, besides the rigorous construction of
various mathematical models of contact for thermo-electro-elastic and thermo-electro-viscoelastic materials, the unique weak
solvability of these models was proved, by using arguments of variational and hemivariational inequalities. However, no
numerical simulation was studied. Recently, the numerical study of a model of static contact problem with Tresca's friction
between a thermo-electro-elastic body and a rigid conductive foundation, considered in [8]. There, a discrete scheme to
approximate the problem was considered and implemented in a numerical code, and numerical simulations were provided.

The present paper represents a continuation of [8] and it deals with a mathematical model which describes the frictional
contact between a thermo-piezoelectric body and a conductive foundation. We use both the thermo-electro-elastic constitutive
law and the friction conditions used in [8] but unlike [8], we assume here that the contact with the obstacle, the so-called
foundation, is always produced and then, a bilateral contact condition is considered. This condition is other physical setting
(see, e.g., [9, 10]). Also, note that, unlike [8]; here we consider a quasistatic process, which leads to an evolutionary model,
different from the stationary model studied in [8]. Moreover, unlike [8], in the present paper we introduce a hybrid variational
formulation of problem in which the dual variables corresponding to Lagrange multipliers are related to the contact stress and
the friction force. The other trait of novelty of the present paper consists in the fact that here we deal with the numerical
approach of the problem and provide numerical simulations. The corresponding numerical scheme is based on the spatial and
temporal discretization. Furthermore, the spatial discretization is based on the finite element method, while the temporal
discretization is based on the Euler scheme. Then, the scheme was utilized as a basis of a numerical code for the problem, in
which we develop a specific contact element. We need this element in order to take into account the coupling of the mechanical
and thermal unknows on the contact boundary condition. By using the code, simulation results on numerical example are
presented.
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The paper is organized as follows. In Section 2 the mechanical model is presented together with its variational formulation.
A fully discrete scheme is presented in Section 3, and the numerical treatment of the frictional contact conditions is realized
by using an augmented Lagrangian approach and a version of Newton’s method. In Section 4, some numerical simulations
are presented to highlight the performance of the method and the effects of the conductivity of the foundation, as well.
Conclusions are finally drawn in section 5.

2. MECHANICAL PROBLEM AND VARIATIONAL FORMULATION

Consider a body made of a piezoelectric material which occupies the domain 2 € R%,d = 2, 3 with a smooth boundary 92 =
I'. We use boldface letters for vectors and tensors, such as the outward unit normal on I, denoted by v = (v;). The body is
submitted to the action of body forces of density f,, a volume electric charges of density ¢, and a volume heat source of
constant strength gq,. It is also constrained mechanically, electrically and thermally on the boundary. To describe these
constraints we consider a partition of I into three open disjoint parts I, Iy, I, on the one hand, and a partition of I, U Iy
into two open parts [, and [}, on the other hand. We assume that measI;, > 0 and measI; > 0. The body is clamped on [},
and therefore the displacement field vanishes there. Surface tractions of density fy act on Iy. We also assume that the electrical
potential vanishes on I, and a surface electrical charge of density ¢, is prescribed on [}, . We assume that the temperature
vanishes on [, U I'y. In the reference configuration, the body is in contact over - with a conductive foundation. We assume
that the foundation is thermally conductive and its temperature is maintained at 8y . The contact is bilateral and is modelled
with Tresca’s law.

We use the notation S¢ for the space of second order symmetric tensors on R% and “.” and |l. || represent the inner product
and the Euclidean norm on R% and S%, respectively, that is w.v = w;v;, ||v|| = (v-v)'/? foru, v € R? and 0.7 = 0,7y},
[Iz]] = (z-1)Y/?for 0,7 € S%. Here and everywhere in this paper i, j, k, [ run from 1 to d, summation over repeated indices
is implied and the index that follows a comma represents the partial derivative with respect to the corresponding component

. . . a . .
of the spatial variable, i.e. f; = % . We also use the usual notation for the normal components and the tangential parts of
i
vectors and tensors, respectively, by u, = u - v, u, = u —w,v, o, = 0;;v;v;, and 6, = 6V — g, V.
Thus, the classical model for the process is as in following.

Problem P. Find a displacement w: 2 X [0,T] — R4, a stress field 6 : 2 X [0,T] — S%, an electric potential ¢ : 2 X
[0,T] — R, an electric displacement field D : 2 X [0,T] — R%, a temperature field 6 : 2 x [0,T] — R and the heat flux
q: 2 x[0,T] — R? such that

o=Fc(u) — EE(p)— MO innx(0,T), (1)
D =&s(u) + BE(p)+ PO in0x(0,T), )
g=-%V0 inx(0,T), 3)
Dive + fo=0 in2x(0,T), 4)
divD=¢, in2x(0,T), (5)
O,er(ab + Me() + PE(Q)) + divg=q, n2x(0,7), (6)
u=0 onl,x(0,7), (7
ov=fy onlyx(0,T), 8)
w, =0, |lo,|]<S @ =-S ”’;:” if ,#0 onT,x(0,T), ©)
=0 onl;x(0,T), (10)
D.v=¢, onl,x(0,T), (11)
0=0 onl,UTyx(0,T), (12)
qv=k(0 — 6;) onl;x(0,T), (13)
u(0) = u,, @(0) = ¢,, 6(0) =6, inn. (14)

Here and below, in order to simplify the notation, we do not indicate explicitly the dependence of various functions on the
spatial variable x € Q U I" and the time variable t € [0, T], where T > 0.
Equations (1) and (2) represent the thermo-electro-elastic constitutive law of the material in which denotes o = (o;;) the

stress tensor, £(u) = (&;;(u)) denotes the linearized strain tensor, E(¢) is the electric field. F = (fijkl): E=(ejr), B=
(Bij), M = (mi j) and P = (p;) are respectively, the elasticity, piezoelectric, electric permittivity, thermal expansion and
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pyroelectric tensors. €T is the transpose of €. We recall that &;;(u) = (wy it uj,i) /2 and E(@) = —Vo = —(¢;). Also the
tensors € and ET satisfy the equality E6- v = 6 - ETv V o € S¢, v € R%, and the components of the tensor E” are given by
el-Tjk = ey;;. Notice, that Equation (1) takes into account the dependence of the stress on the electric potential and the
temperature and Equation (2) describes a linear dependence of the electric displacement on the strain, the electric potential and
the temperature. Equation (3) represents the Fourier law of heat conduction where X = (k;;) denote the thermal conductivity
tensor.

Equations (4)-(6) represent the equilibrium equations for the stress, the electric displacement and the heat flux fields, in
which “ Div ” and “ div ” denote the divergence operators for tensor and vector valued functions, i.e. Div o = (al- j_i), divY =
(Yi,i). We use these equations since the process is assumed to be mechanically quasistatic, i.e., the inertia effects are neglected,
electrically static, i.e., all radiation effects are neglected, and thermally quasistatic. In Equation (6) « is given as a =
pcy/0yrer, where p is the mass density, ¢, is the specific heat and 6,5 is the reference uniform temperature of the body.
Equations (7)-(8), (10)-(11) and (12) represent the mechanical, electric and thermal boundary conditions. Equation (9)
represents the bilateral contact with Tresca’s friction law, where S > 0 is the friction bound, that is, the magnitude of the
limiting friction traction at which slip begins. In Equation (9) the strong inequality holds in the stick zone and the equality in
the slip zone. The contact is bilateral and that no separation takes place (see, e.g. [9, 10]). The temperature boundary condition
in Equation (13) describes that the normal component of the heat flux is proportional to the difference between the temperature
of the foundation & and body’s surface temperature where k. is the coefficient of heat exchange between the body and the
foundation, similar to that already used in [10]. Finally, the initial conditions u,, ¢, and 8, in Equation (14) are given.

To present the variational formulation of Problem P we need some additional notation and preliminaries. We start by
introducing the spaces H = L2(Q,R%), H = L?(Q,5%) and H; = H'(Q,R%). The spaces H, H and H; are Hilbert spaces
equipped with the inner products (u,v)y = [yu-vdx, (6,0 = [,0-T dx and (u,v)y, = (W V), + (W), eW))5
respectively. The associated norms in H, 3 and H, are denoted by || - ||y, || - |3 and || - [[5,, respectively.

For the displacement, the electric potential and the temperature fields, we introduce the spaces V = {v € H*(Q,R%); v =
Oon I, W={yeH);Yy=0o0onT,} and Q={n€H'(); n=0 on I, UTy}. OnV, W and Q we consider the
inner products and the corresponding norms given by

(w,v)y = (s(u),s(v))j{, Y|y = |le@)||s forall u,v eV, (15)

(@, Vw = Vo, VPu, |IYllw = [IV|ly forall ,ip €W, (16)

©,mq = (V6,Vn)y, lInllg = [IVnl|y forall 6,n€ Q. (17)
Since meas(I'p) > 0 and meas(I,) > 0, it is well known (V, || - |ly,), (W, || - |lw) and (Q, || - ||¢) are Hilbert spaces.

We consider the trace spaces X,, = {UV\FC :veV} and X, = {v : v € V}, equipped with their usual norms.

¢
Denote by X;, and X; the duals of the spaces X,, and X, respectively. Moreover, we denote by <-,->xs.x and <-,->x=yx
the corresponding duality pairing mappings. To establish the variational formulation, we need additional notations. Thus, we
consider the four mappings J: QX Q — R, f:[0,T] > V,¢ :[0,T] —» W and 0 : [0,T] — Q, defined by

J(8,m) = f k(6 —67)n da, (18)
I'c
F@©),w)y = fnfo(t) -wdx + i fu(® - wda, (19)
(@), PIw = L $o ()Y dx — i &, (DY da, (20)
©@),mq = fqo(t)n dx, 1)
Q

forallweV, y eW,neQandt € [0,T].
Then, the hybrid variational formulation of the contact problem P obtained by multiplying the equations with the relevant
test functions and performing integration by part, is as follows.

Problem Py. Find a displacementu : [0,T] — V, a normal stress 1, : [0,T] — X, a tangential stress 4, : [0,T] — X7, an
electric potential ¢ : [0,T] — W and a temperature 0 : [0,T] — Q such that for a.e. t € (0,T)

(Fe®), W) + (ETVR (1), £(W))gr — (MO(), £(W))y

+ <400 Sxonx, + < A(D,V; Sxixx= FO, )y VVEV, (22)
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BVQ(®), Tp)y — (E2t)), Tip)y — (PO, V), = (SO, YDy VP EW, (23)

(Orer (0@ + M) = PVGD) 1), + GTOD,Imy + JOD), ) o0
=), M@ YNEQ,

A,(8) € Iy (uy (1)) in X, (25)

A.(t) € 0l (1 (D) in X, (26)

u(0) = uy, 9(0) = o, 6(0) = 6, @7)

The inclusion in Equation (25) represents the bilateral contact condition between the normal contact stress A, and the normal
gap distance u,,. Here, d1(p) denotes subdifferential of the indicator function of the set {0} c R. Recall also that, the inclusion
in Equation (26) represents the subdifferential form of Tresca’s law of dry friction. Here, C[S] denotes the ball of radius S and
01l denotes the subdifferential of the conjugate of the indicator function of the set K, see [11, 12] for details.

3.NUMERICAL APPROXIMATION AND SOLUTION ALGORITHM

3.1. Numerical approximation

We now present a fully discrete approximation of problem Py,. First, in order to approximate the special variable, we assume
that Q is a polygonal domain and we consider a regular triangulation of ), denoted by T", compatible with the boundary
decomposition I, Iy and .. Here and below, h > 0 denotes the spatial discretization parameter. Consider the discrete
variational spaces

vt =" e [C(D]Y4 v, € [P(T,)]* VT, € T",v" = 0 at the nodes of Tp}, (28)
wh =" e Cc(Q); lph\Ttr € P,(T,) VT, € Th, " = 0 at the nodes of T,}, (29)
QM = {nh € C(Q); nh\Ttr € P,(Ty) VT, € T",n" = 0 at the nodes of T, U FN}, (30)

where P, (Ty,.) represents the space of polynomials of the global degree less or equal to one in Ty,.. To discretize the time
derivates, we use a uniform partition of [0, T], denoted by 0 = t, < t; < -+ < ty < T and let k be the time step size, k =
T /N. In what follows, we denote f, = f(t,). For a sequence {w, }}_, we denote by dw,, = (w,, — w,,_;)/k the divided
differences.

We now consider the spaces X' = { vf\rc : vh e Vh}and XP = {vﬁ\rc : v € V"} equipped with their usual norm.

We also consider the discrete space of piecewise constants Y;* < L?(T) and Y* c L?(T;)? related to the discretization of the
normal and the tangential stress, respectively.
The fully discrete approximation of problem Py, based on the forward Euler scheme, is the following.

hkYN

N
Problem Pﬁk. Find a discrete displacement uM* = {ful* IV < VP a discrete normal stress Af,’k = {/lvzk}

h
C Yv ,a
n=0

N N
discrete tangential stress A = {}Lrﬁk} . C Y", a discrete electric potential @™ = {(pzk} o W" and a discrete
n= n=

temperature ™ = {Hﬁk}gzo c Q" such that for alln = 1,---,N

(Fe(ull), e(v")s + (ETV@RK, e(v"))3e — (MORK, (™)),

<AV S, + <A S = (fr0h), VOREVR, 31)

(BYQE, VM) — (E€E), TpM)y — (POR VYN = (b ")y VY € WP, (32)
(Orer (@8O + Me(6ur’) — PVSOR) "), o) + (HVORE, V") + J (607%™

=00z V" e€Qh (33)

M € algy (u,) in VR, (34)

A € 0151 (Bu ) in Y1, 35)

uft =ug, of* = o, 64" =67 (36)

Here ull, o and 6 are appropriate approximation of the initial condition u,, ¢o and 6.
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3.2. The solution algorithm

The frictional contact conditions in Equations (34) and (35) are treated by using a numerical approach based on the augmented
Lagrangian approach, see [12, 13, 14]. To this end, we introduce the notation A = 1, v + A, where A, =A-vand A, = 41—
A,v. Let N2, be the total number of nodes and denote by a’, ¢ and y! the basis functions of the spaces V", W" and Q",
respectively, for i =1,++,NJ,. Then the expression of functions v" € V" " € W and n" € Q" is given by v" =

ZN“’tv at, l/Jh = ZN“’tl/) Bt and n" = Zf’“{fn’y’ where v!, ! and n' represent the values of the corresponding functions
v", ™" and n"* at the node of T".
The augmented Lagrangian approach shows as that the problem

R(8uy, 8¢y, 86, Un, Pn, On, A7) = A(SUn, 69, 56, ) + G(uy, 9, 0,) + F(ut, 05, 4,) = 0, (37

P} can be gouverned by the system of nonlinear equations

when the functions 4, G and F are defined below.

h
Here, the vectors 6u,, € RNt 5, € RVtot, 56, € RMot, u,, € RONeor, ¢n € RNtor, g, € RMot and 4,, € RV are
. Nh .. NI . nh
defined by S = {M},_v_m 5n = (B}, 86, = (SO, uy = (LI, g, = (gL}, 0, = (04} and A,

i=1° i=1~ =1~ =1~

ub —ul _ ; L _pl , gi _gi .
{/11 i 1, where Sul, "T“, Sl = %, 66 = "T"l, ul, ¢} and 0. denote the values of functions Su’

Sk 561 ulk phk and @% at the it" node of T". Moreover, A}, represents the value of A¥ at the i node of the discretized
contact interface, where N}‘C denotes the total number of nodes of T" lying on I.

~ h
Next, the generalized damping term A(Su,, §¢,, 50, ) € RPN for x RNtot x RNfot x RPM¢ and the genaralized themo-
- h ~
electro-elastic term  G(u,, @, 6,) € RNfot x RNot x RNfot x R™Mc  are  defined by A(Su,,8¢,,86,) =
~ ) h
(A(Su,, 5¢,,56,), OdXNpC) and G(u,, 9, 0,) = (G(u,, @, 6,), odXN#C). Here deNl@CIS the zero element of R**"r¢; also,
A(Su,,5¢,,60,) € R Mot x RMot x RMot and G(u,, ¢,,6,) € RNt x RNtot x RNtot denote the damping term and

the thermo-electro-elastic term, respectively, given by

(A(Su, 80, 80) - (U, P, 1) getsviotggioigior = (Oyep (@80 + Me(sul) — ?V(Y(ph),r)h)Lz @ (38)

(6G0,0) - W9 1)) s gt e
Feh), e(W"),, + (€T7e", (W), — (M6", (™), - (F, wh)V (39)
(e — BVo", vy")y — (PO V"), — (9,,9"), + (V6" V"),
— (0,1 2(0)
Vu,v € RNt v ,1) € RNtot, v 9,17 € RNtot, v ult, v € VI, v o, " € W v 8%, " € QM.

Above, v, 1 and 1) represents the generalized vector of components v*, ! and n fori = 1, .-+, N}, respectivelly. Finally, the

~ h ~
generalized contact operator F(u,,6,,4,) € RE*Niot x RNtot x RNtot x RMc is defined by F(u,,6,,1,) = V(I +

0,0 B kC(H - Hf), V(I + 17)), where V,, represents the gradient operator with respect the variable x, and 0 Nglotis the zero

element of RMfot. Also, I7, and I7 denote the augmented Lagrangian functionals
G A8 = ulay + 2 w)?, (40)

T 1
I, A) = ul - 28 + S ||oubl? — 5 dist* (A% + nout, CIST), “h

T

where 7, and 7; are positive penalty coefficients and dist{x, C} denotes the distance from x to the set C, i.e., dist(x,C) =
lgg |]x = y]|. Also, 6}1 represents an approximation of the temperature of the foundation.
y

h h h .
Let F(u,, 6, 4,,) € R&Neor x RNeor x R*Mc the contact operator defined through the relation

(F(un, 0y, 4,),v,1,8)

|

h
Vv € RNt vy e RNVeot, v Ee RNe, vt e Vi, vohnt e Qh, vyt e v x Y

h h dxNTt
R>NtotxRNtotxR" TC

V(L +1D)-v"da + f

V(5410 -yh da + j k(6" — 6/)n" da, (42)
I'c I'c

[

The solution algorithm consists in a combination between the finite differences (backward Euler difference) and the linear
iterations methods (Newton method). The finite difference scheme we use is characterized by a first order time integration
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scheme, both for the velocity du, and §6,,. To solve Equation (37), at each time increment the variables (u,, ¢, 0,, 4,,) are
treated simultaneously through a Newton method and, for this reason, we use in what follows the notation x, =
(Un, Pn, On, An).

Inside the loop of the increment time indexed by n, the algorithm we use can be developed in three steps which are the
following.

e Forn=0untlN, letuy, ¢y, 6, and 4, be given.

e A prediction step: This step provides the initial values u%,;, ¢2.1, 83,1, 6ul,1, 692, ,, 58%,, and A%, by the

formulas: uf,; = Un, PRt = Qp, Oy = Op, Ayy = Ay, SURL =0, 59741 = @ and 863, = 6,
e A Newton linearization step: for i = 0 until convergence, compute

. -1 . . . . . .

i i i i i i i

Qn+1 Upt1 — Up Pnt1 — Pn Unyr — Hn
)

xin++11 = x}"l+1 - ( k + K";’L+1 + T";’L+1> R< k ’ k k ’ uTl’ <pTl’ 97’1.’ )-n>' (43)

where x:tY denotes the pair (uity, @ity, 654%, 2554); i and n represent respectively the Newton iteration index and the time
index; Q41 = Dy pA(SUn 1, 8¢}41,605,,) denotes the damping matrix, K} 1 = Dy G (Uhy1, @41, 05h1) represents
the thermo-electro-elastic matrix and Ty, = Dy g 2F (W41, 041, Ah41) is the contact tangent matrix; also, Dy 64, Dy 9 G
and D, ¢ ,F denote the differentials of the functions A, G and F with respect to the variables u, ¢, 8 and A. This leads us to
solve the resulting linear system

i . . . Unys — Un Prys — Pn Onvs — 6r

where Axt = (AW, Agt, AGY, AAY) with Aul = ulty —ul,,, Apl = @itY — @, AGF = 0LFL — 0L, and AX} = 25T —

L
n+1- . . i . i
e A correction step: Once the system in Equation (44) is resolved, we update x.tY, ubty, ity 0442 and ALEY by
i+1 i+1

i+1 0 i i+l — i i — i i — pi i i+1 _ gl i
X1 = Xpea + AXL, W = Wy + AU @n5 = @nag + AQY, 0541 = Opyq + A0%and A = Ap,q + AXL

Note that the formulation in Equation (37) has been implemented in the open-source finite element library GetFEM++
(see [15]).

4. NUMERICAL SIMULATIONS

Now we illustrate our theoretical results by numerical simulations in the study of two-dimensional test problem. In order to
observe the effect of the thermo-piezoelectric properties of the material, a physical setting as the one depicted in Figure 1 is
considered. Where, 22 = (0,0.1) x (0,0.1) and I, =T, = {0.1} x [0,0.1], I}y = T}, = ([0,0.1] x {0}) U ([0, 0.1] x {0.1}),
Iz = {0} x [0,0.1]. On I}, the body is clamped and the electric potential is free there. The body is subjected to the action of
surface tractions acting on [0,0.1] X {0.1}, i.e., fy(x1, x5, t) = (0,—0.5 t)N/m, while the remainder of the part Ty is free.
We assume that the temperature vanishes on I U [y. The body is in bilateral frictional contact with a conductive foundation
on the part I of the boundary. The following data have been used in the numerical simulations:

r,=1,=10°N/m?, S=15N/m?,  k.=1W/m?K, 0, =—-27K, O =293K.
f0=0N/m2! ¢O=0C/m21 ¢D=OC/m! CIO=0W/m2; szow/m
T=02s, wuy=0m @,=0V, 6,=0K.

In the plane of deformations setting, the constitutive law in Equations (1) and (2) can be written by using a compressed
matrix notation in place of the tensor notation as follows

011 [fn fis 0O 0 €31 |1 —my,
[033] [fis fz O 0 €3 | [€33] [—m33]
o|=l0 0 fi. e 0 ||2e3]+] 0 Je.
D, 0 0 es —By O J —E, —py
Ds e3; €33 0 0 —B3zl L—Es BLE

The material parameters of B,TiO5 are taken as (see [2]):
e  Elastic [GPa]: fi; = 166, fiz =78, fs3 = 162, fo, = 43;
e Piezoelectric [C/m?]: e3; = —4.4, e33 = 18.6, e;x = 11.6;
e Dielectric [C/GVm]: B1; = 11.2, B33 = 12.6;
e Thermal expansion [X 10® N/Km?]: m,; = 2.24, m3; = 1.89;
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we consider the problem both in the case when the foundation is thermally insulated and, in the case, when it

il

5500 [kg/m3]; c,
the shape of the body changes greatly because of the difference in the temperature. In order to highlight the

]

Heat conduction coefficients [W/Km]: k,,

Pyroelectric [x 10~* C/Km?]: p,

p
Our interest in this example is to study the influence of the thermal conductivity of the foundation on the contact process

and, to this end.
Figure 2 presents the deformed configurations for the two previously mentioned cases, at final time T. Note that in the
case of an insulated foundation, the body is compressed by the actions of tractions. However, in the case of a conductive

[ ]
[ ]
foundation

[ ]
foundation is conductive: the normal component of the heat flux is proportional to the difference between the temperature of

the foundation and body’s surface temperature (i.e. q.v = kC(B - Qf) on I). Our results are shown in Figures 2-4.
case (see figure 3). The first case illustrates the direct piezoelectric effect: the electric potential is generated because of the

deformation and its higher values are located on the top vertical extremities of I['-. However, in the second case, we can easily
note that considering a thermally conductive foundation increases the electric potential and its higher values are located on the

influence of the foundation temperature on the electric potential, we plot the electric potential for the two previously mentioned
bottom vertical extremities of ;.

is thermally conductive. When the foundation is insulated there are no heat flux on I (i.e. ¢ - v = 0 on [;) and when the
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Figure 2. Amplified deformed mesh in the case of an insulated foundation (a) and in the case of a conductive foundation (b)
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Figure 3. Electric potential [V] in the case of (a) an insulated foundation (b) a conductive foundation
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Figure 4. (a) Temperature field [K] and (b) the Von Mises stress norm [Pa] at final time

The values of the temperature and the Von Mises norm of the stress field in the deformed configuration are plotted in
Figure 4 for the value 6y = —27 K. One can observe that heat is generated at the contact interface due to the assumption that

the foundation is thermally conductive, and is diffusing into the body (see Figure 4 (a)). Moreover, we note that the higher
values of the elastic stresses are localised on the zones of the contact (Figure 4 (b)).

5. CONCLUSION

This paper provides a numerical study of a newly formulated model in contact mechanics. The model concerns frictional
contact for thermo-piezoelectric materials. The novelties arise in the fact that the process is quasistatic, the material behavior
is described by a thermo-electro-elastic constitutive law and the foundation is thermally conductive. A fully discrete scheme
was used to approach the problem and a numerical algorithm which combine the augmented Lagrangian approach with the
Newton method was implemented. Moreover, numerical simulations for a representative two-dimensional example were
provided in the two different cases insulating and conducting thermal boundary conditions. These simulations describe the
thermal effect, i.e. the appearance of strain and voltage in the body, due to the action of the temperature flied. Also, they
underline the effects of the thermal conductivity of the foundation on the process. Performing these simulations, we found that
the numerical solution worked well and the convergence was rapid. This work opens the way to study further problems with
other conditions for thermally-electrically conductive foundation, in a dynamic case.
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