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Abstract: This paper deals with the numerical analysis of a dynamic contact problem with friction between a piezoelectric
body and an electrically conductive foundation. The material’s behaviour is described by means of an electro-viscoelastic
constitutive law. The contact is modelled using the classical normal damped response condition and a friction law. The
mechanical model is described as a coupled system of a nonlinear variational equation for the velocity field and a linear
variational equation for the electric potential field. The discrete scheme of the coupled system is introduced based on a finite
element method to approximate the spatial variable and an Euler scheme to discretize the time derivate. The frictional contact
is treated by using a penalized approach and a version of Newton’s method. A solution algorithm is discussed and implemented.
Finally, numerical simulation results are reported on a two-dimensional test problem. These simulations show the performance
of the algorithm and illustrate the effects of the conductivity of the foundation, as well.
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1. INTRODUCTION

Piezoelectrics are materials that can create electricity when subjected to a mechanical stress. They will also work in reverse,
generating a strain by the application of an electric field. Piezoelectric materials present a great importance in the development
hight technological applications such as actuators, sensors, engineering control equipment’s or smart materials and structures,
because of the coupling effects between mechanical and electric fields. During the last ten years, numerous contact problems
involving this piezoelectric effect have been studied from the variational and numerical points of view (see for example [1-5]
and more recently [6-10]).

Dynamic frictional contact problems for electro-viscoelastic materials were studied in [11, 12], where the contact is
modelled with a general normal damped response condition and a friction law, which are nonmonotone, possibly multivalued
and have the subdifferential from. In [11] the foundation was assumed insulated and in [12] it was assumed to be electrically
conductive and the electrical condition on the contact surface is modelled with subdifferential boundary condition. A similar
model was studied recently in [13] in the case of a non-clamped body and the Dirichlet boundary condition is not assumed at
the part of body’s surface. The results in [13] concern mainly the numerical analysis of the problem while the results in [11,
12] concern the existence of solutions for problems and are obtained by using arguments of hemivariational inequalities,
however, no numerical analysis was studied.

The current work represents a continuation of [11, 12] and it deals with a numerical modelling and the numerical
simulation of contact between a body and a conductive foundation. The body is assumed to be viscoelastic and piezoelectric
and the contact is dynamic. Unlike [11, 12], the contact is modelled by a classical normal damped response condition, in which
the response of foundation depends on the speed (see [14]). The associated frictional law is also included; as a consequence,
the resulting variational formulation of the problem is different fromthat in [11, 12] and represents a new mathematical model,
which is in a form of a system coupling a nonlinear variational equation for the velocity field with a time-dependent linear
equation for the electric potential field. The other trait of novelty of the present paper consists in the fact that here we deal
with the numerical approach of the problem and provide numerical simulations. The corresponding numerical scheme is based
on the spatial and temporal discretization. Furthermore, the spatial discretization is based on the finite element method, while
the temporal discretization is based on the Euler scheme. Then, the scheme was utilized as a basis of a numerical code for the
problem. By using the code, simulation results on numerical example are presented.

Following this introduction, the rest of the paper is structured as follows. In Section 2 the mechanical model is presented
together with its variational formulation. A fully discrete scheme is presented in Section 3, and the numerical treatment of the
frictional contact conditions is realized using a specific penalized approach and a version of Newton’s method. In Section 4,
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some numerical simulations are presented to highlight the performance of the method and the effects of the conductivity of the
foundation, as well. Conclusions are finally drawn in section 5.

2.PROBLEM STATEMENT

Consider a body made of a piezoelectric material occupies the domain 2 ¢ R%,d = 2,3 with a smooth boundary 2 =T .
The body is acted upon by body forces of density f, and has volume electric charges of density q,. It is also constrained
mechanically and electrically on the boundary. To describe these constraints we consider a partition of I' into three open
disjoint parts I, Iy, I, on the one hand, and a partition of I, U Iy into two open parts I, and [}, on the other hand. We
assume that measI}, > 0 and measI, > 0. The body is clamped on I, and therefore the displacement field vanishes there.
Surface tractions of density f, act on Iy. We also assume that the electrical potential vanishes on I, and a surface electrical
charge of density g, is prescribed on I} . In the reference configuration, the body is in contact over I, with a conductive
obstacle, the so-called foundation. We assume that the foundation is electrically conductive and its potential is maintained at
@y . The contact is frictional and there may be electrical charges on the contact surface.

We denote by S¢ the space of second order symmetric tensors on R or, equivalently, the space of symmetric matrices of
order d. Also, below v = (v;) represents the unit outward normal on I while “.” and || . I denote the inner product and the
Euclidean norm on R and S, respectively, that is w.v = w;v;, ||[v|| = (v-v)/? foru, v € R* and 0.7 = 0;;7;;, ||7]| =
(t-1)Y?fora,t € S%. Hereand everywhere in this paper i, j, k, L run from 1 to d, summation over repeated indices is implied
and the index that follows a comma represents the partial derivative with respect to the corresponding component of the spatial

variable, i.e. f; = L.

The mechanical problem of dynamic frictional contact of the electro-viscoelastic body with damped responses may be
formulated as follows.
Problem P. Find a displacement field u : 2 x [0,T] — R%, a stress field o : 2 x [0,T] — S¢, an electric potential ¢ :

N x [0,T] — R and an electric displacement field D : 2 x [0, T] — R< such that

o =As() + Be(uw) — ETE(p) in2x(0,T), 1)
D =E&e(u) + BE(p) inx(0,T), )
Dive + fo=pit inQx(0,T), ©)
divD=q, inx(0,T), (4
u=0 onl,x(0,7), ®)
ov=Ffy onlyx(0,T), (6)
=0 onl,x(0,T), @)
D.v=gq, onl, x(0,T), (8)
—oy =py(%), —o,=p (@) onlyx(0,T), )
D.v=k,(¢—¢;) onl;x(0,T), (10)
u(0) = u,, u0) =v, inf. (11)

In Equations (1) - (11), in order to simplify the notation, we do not indicate explicitly the dependence of various functions on
the spatial variable x € Q U I" and the time variable t € [0, T], where T > 0.

Equations (1) and (2) represent the electro-viscoelastic constitutive law of the material in which denotes o = (o;;) the
stress tensor, e(u) = (g;;(u)) denotes the linearized strain tensor, E(¢) is the electric field. A = (a;jx), B = (bijit), € =
(eijx) and B = (B;;) are respectively, the viscosity, elasticity, piezoelectric and permittivity tensors. ET is the transpose of £.
We recall that &;;(u)) = (ui,]- + u,-,i)/z and E(p) = —Vo = —(¢,). Also the tensors € and ET satisfy the equality Ea - v =
o-&"v Vo eSS veR? andthe components of the tensor £ are given by e}, = ;.

Equation (3) is the equation of motion in which p denotes the constant mass density and Equation (4) represents the
balance equation for the electric displacement field, in which “ Div ” and “ div ” denote the divergence operators for tensor
and vector valued functions, i.e. Div o = (o—ij_i), divD = (Di‘i). We use these equations since the process is assumed to be
mechanically dynamic and electrically static.

Equations (5) and (6) are the displacement and traction boundary conditions, whereas Equations (7) and (8) represent the
electric boundary conditions; these conditions model the fact that the displacement field and the electrical potential vanish on
I, and T, respectively, while the forces and the electric charges are prescribed on T'y and T}, respectively.

We turn to describe the contact. Since we assume the foundation to be deformable and a normal damped response contact
condition is used (see [14, 15]), which means that the foundation is reactive. Thus, the normal stress o, = o;;v;v; on the contact
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surface is obtained through the following semilinear relation — o, = p, (w,)), where u,, = u - v denotes the normal velocity.
The normal damped response function p,, is prescribed and satisfies p,, (&t,) = 0 for i, < 0, since then there is no contact. As
an example, we may consider (see [15]),

pv(r) =Gy, (12)

where ¢, > 0 is a positive constant which represents a deformability coefficient and r, = max{r, 0}. Moreover, we consider
the following associated friction law — @, = p,(it,). Here, i, = ut — u, v is the tangential velocity, o, = av — g, v denotes
the shear stresses and p, is a constitutive function whose properties will be described below. In the numerical simulations
presented in Section 4, the following form of p, was considered

p.(r) =c,r VreR4 (13)

In this case, ¢, > 0 is a frictional coefficient and the tangential shear is proportional to the tangential velocity. Equation (10)
is the associated electric boundary condition on T, where k, is a positive constant, the electrical conductivity coefficient.
Finally, Equation (11) represent the initial conditions where u, and v, denote the initial displacement and the initial velocity,
respectively.

To present the variational formulation of Problem P we need some additional notation and preliminaries. We start by
introducing the spaces H = L?(Q,R%), K = L?>(Q,5%). The spaces H and K are Hilbert spaces equipped with the inner
products (u,v)y = fﬂu -vdx and (0,7) 4 = fga - T dx, respectively. The associated norms in H and X are denoted by
[l and || - ||, respectively.

For the displacement and the electric potential fields, we introduce the spaces V = {v € H'(Q,R%); v = 0 on I} and
W ={ € H(2); ¥ =0 on I,}.OnV and W we consider the inner products and the corresponding norms given by

W)y = (e@),e@),., |vlly = lle@)|lx forall wvev, (14)
(@ Pw = Vo, V), |IYllw = [IVY]ly forall g, e W. (15)

Since meas(Ip) > 0 and meas(T,;) > 0 are positive, it follows from the Korn and the Friedrichs-Poincaré inequalities,
respectively, that (V, || - ||,) and (W, || - ||w) are Hilbert spaces.
We consider the four mapping j: VXV — R, J: WXxW — R, f:[0,T] > Vandq:[0,T] — W, defined by

j@w) = [ pww dat [ pwo) wda (16)
T¢ T'c
K@@=Lh@-%ﬂm, @
GOy = [fo@ wax+ [ fu0) wa (18)
Q 'y
(19)

m@¢m=f%w¢w+f%wwm
Q Iy

forallweVandy e W.

Then, performing integration by parts, we obtain the following variational formulation of Problem P in terms of the
velocity field v(t) = u(t) and the electric potential fields.
Problem P,. Find a velocity field v : [0,T] — V and an electric potential ¢ : [0, T] — W such that v(0) = v, and for a.e.
te (0, 7)

(), Wiy + (Ac(v(D), eW)) +(Be(u(®), ew)) +(E77p (1), eW)),
+jw®,w) =(f@O.w)y VwWeV,
BV (), TPy — (Ee(u®), Vy), +J(p®, ) = @O, Y)w VP EW, 1)

where the displacement field w(t) is then defined as u(t) = fotv(s) ds + u,.

(20)

3. NUMERICAL APPROACH

The discretization of P, will be done in two steps. First, we consider two finite dimensional spaces V* c V and W' c W
approximating the spaces V and W, respectively. h > 0 denotes the spatial discretization parameter. Secondly, the time
derivatives are discretized by using a uniform partition of [0, T], denoted by 0 = t, < t; < - <ty < T. Let k be the time
step size, k = T /N, and for a continuous function £(t) let f,, = f(t,). Finally, for a sequence {w,}}_, we denote by dw,, =
(w,, — wy,_1)/k the divided differences.

The fully discrete approximation of Problem P, based on the forward Euler scheme, is the following.
Problem PJ*. Find a discrete velocity field v"* = {v"}N_ < V" and a discrete electric potential "k = {@}N_ c w"
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such that v* = vl andforalln =1... N,

(pSvRK, W)y + (Ae(iF), e (W), + (Be(uik), e(wh)),.
22
+(ETVork, W), + jwik,wh) = (fow")y  vwh evh @2

BV Rk, V™) — (Eeun), V™M) + ] (0r*, ") = (@n ¥Mw YY" e WD, (23)

where the displacement field u™* = {uf*})_, c V" is given by ui¥ = k X7, v}** + ug.

Here ul and v are appropriate approximation of the initial condition u, and v,, respectively, and ¢2¥ is the unique solution
of the second equation in Problem P} for n = 0.

We notice that the fully discrete problem P}* can be seen as a coupled system of variational equations. Using classical
results of nonlinear variational equations (see [16]), we obtain that Problem P}* admits a unique solution v"* c V" and
(phk c Wh.

The algorithm, used in solving the fully discrete frictional contact problem P**, is based on a backward Euler difference
for the time derivatives and on a penalty approach to simulate the frictional contact conditions. For more considerations about
Computational Contact Mechanics, see the monographs [17, 18, 19].

Let N,,, be the total number of nodes and denote by a¢,y* the basis functions of the space V" and W", respectively, for

i =1, ..., Ny Then the expressions of the functions w” and " is given by w" = Yt wial, yh = N9t iyt where w'
and ' represent the values of the corresponding functions w and v at the i" node of the uniform triangulation of €, denoted
by T".

The penalized approach we use shows that the Problem P can be governed by the following system of nonlinear
equations

R(6Vp, U, Uy, @) = M(6v,) + A(Wy) + G(uy, ¢,) + F(vy,0,) =0, (24)

that we describe below. First, the vectors év,, ,v, ,u, and ¢, represent the acceleration, velocity, displacement and electric

potential generalized vectors, respectively, defined by §v,, = {§vi}M%, v, = (W}, u, = (ul}Mo and @, = {pL}eot,
“il - u%_l
k

A S
where §v}, == =1 v =

@M at the i*" node of T".

The specific penalized contact operator F (v, ¢,), which permits to take into account the conductivity of the foundation,
is given by

, u, and ¢}, represent the values of the corresponding functions sv**, v u'k and

(F(vn’ (pn); (W’ lp))RdetothNtot = j(vn, W) + ]((pn' l/)) Vwe RdXNmt' v 1/} € RNtOt' (25)

In addition, the generalized acceleration term M(Sv,) € R%*Ntor x RNtot and the generalized viscous term A(v,) €
R**Neot x RNeot are defined by M (6v,,) = (M(6v,),0y,,,) and A(v,) = (A(v,),0y,,,). Here, Oy, , is the zero element of
RNtot and M (§v,,) € R¥*Neot - A(v,) € RNeot| G (u,, ¢,) € R¥*Neor x RNtot denote the acceleration term, the viscous
term and the elastic-piezoelectric term, respectively, given by

(M(6vy,) - Wgasneo: = (p8V, W)y Vw € R&>Neot, v wh e V7, (26)

(A(Wy) - W) gasnge; = (cﬂe(vn),e(wh))x vV w € RNwot, v wh e (27)

(G (un' (pn) : (W' ll}))RdXNtOthNtot
= (Be(ui), ewM), + (ET7@R*, eW™), = (fr, W™y (28)
+ BV @r*, V™M) — (Ee(uif), V™) — (g, ¥Mw

vV w € R%¥Ntot, V1) € RNtot, vwhevh vyt e wh,

Above, w and 1 represent the generalized vector of components w' and 1! for i = 1, ..., Ny, respectively, and note that the
volume and surface efforts are contained in the term G(u,,, ¢,,).

The solution algorithm consists in a combination between the finite differences (backward Euler difference) and the linear
iterations methods (Newton method). The finite difference scheme we use is characterized by a first order time integration
scheme, both for the acceleration §v,, and the velocity v,, = du,,. To solve Equation (24), at each time increment the variables
(v, @) are treated simultaneously through a Newton method and, for this reason, we use in what follows the notation x,, =
(Vn, Pn).

Inside the loop of the increment time indexed by n, the algorithm we use can be developed in three steps which are the
following.

e Forn =0 until N, let u, and v, be given, ¢, is calculated by solving the second equation in Problem P} for n =

0.
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e A prediction step: This step provides the initial values @2, ,, u%,, and v9_, by the formulas: 2., = @,, ul,, =
u, and v%,, = 0.
e A Newton linearization step: for i = 0 until convergence, compute

_1 . .
i i
n+1 — Un

i1 i Pt i i i v i i i
Xnt1 = Xpt1 — T + Qn+1 + kKn+1 + Tn+1 R(T » Un+1r Unt1) §0n+1) (29)

where xt% denotes the pair (vitY, itY); i and n represent respectively the Newton iteration index and the time index;
PL,, = D,M(6vh,,) denotes the mass matrix, Q}4; = D,A(Vl,,) is the damping matrix, K\, = D, ,G Uk, @hi1)
represents the elastic matrix and T}, , = Dv,(pF(v;'lH, @’ 1) is the contact tangent matrix; also, D,M, D, A, D, ,G and D, ,F
denote the differentials of the functions M, A4, G and F with respect to the variables v and ¢. This leads us to solve the resulting
linear system

Vit — Ul

Pl . , , , . . .
( 1;: + Qne1 + kKpyr + Tri+1> Ax' = —R (T » Vnatr Unit) (P;l+1)‘ (30)

where Ax' = (Av!, ApY) with Av' = vitY — v, and Apl = @ity — @l ;.
e A correction step: Once the system (30) is resolved, we update x;t; and wlty by xity = xi,, + Ax' and
ulfl = ub,, + kAvh

Note that formulation in Equation (24) has been implemented in the open-source finite element library GetFEM++ (see
http://getfem.org/).

4. NUMERICAL SIMULATIONS

Now we illustrate our theoretical results by numerical simulations in the study of two-dimensional test problem. In order to
observe the effect of the piezoelectric properties of the material, a physical setting as the one depicted in Figure 1 is considered.
Where, 2 =(0,0.03) % (0,0.01) and I, ={0}x[0,0.01], Iy = ([0,0.03]x{0.01}) u ({0.03} x [0,0.01]), [I; =
[0,0.03] x {0}, I, = [0,0.03] x {0.01}, I}, = ({0} x [0,0.01]) U ({0.03} x [0,0.01]). On I}, the body is clamped, and it is
subject to the action of surface pression fy(xq,x,,t) = (0,—t)N/m which acts on the top of the bridge, i.e. on I, =
[0,0.03] x {0.01} and the electric potential is free there. The body is in contact with a conductive foundation on its lower
boundary T and we choose Equation (12) as normal damped response contact function, associated with the friction law in
Equation (13). Here, we use as material the visco-elasto-piezoelectric body whose constants are taken as [2, 5]. The following
data have been used in the numerical simulations:

¢, = 10'2Ns/m?, ¢, = 0.3Ns/m?, ke=1,  @y=—48V.
fo=0N/m?, g, =0C/m? g, =0C/m, p= 7800 kg/m?.
T=0.2s, uy, =0m, v, =0 m/s.

Our interest in this example is to study the influence of the electrical conductivity of the foundation on the contact process
and, to this end, we consider the problem both in the case when the foundation is insulated and in the case when it is conductive.
When the foundation is insulated there are no electric charges on I (i.e. D-v =0 on I;) and when the foundation is
conductive, the normal component of the electric displacement field is assumed to be proportional to the difference between
the potential of the foundation and body’s surface potential (i.e. D.v = k, (<p - <pf) on I7). Our results are shown in Figures
2-5.

L Lle b P
D I
> I 01 deformable body I,
D -

Conductive foundation

Figure 1. Contact problem with a conductive foundation
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Figure 2. Amplified deformed mesh for (a) an insulated foundation, (b) a conductive foundation

le-05

o0—o—o1u; (conductive foundation)
O—0O—0 1, (conductive foundation)
o—o—o0 U, (insulated foundation)
1, (insulated foundation)

8e-061

o
®

=
&

4e-061

Velocity [mm/s]

2e-06+

Q0eQQ B2 7S /3 ¥ F5 F3-ru o o3 vu PR 6 on 7y wu ou o5
0

Contact boundary [m)]

Figure 3. Velocity on I at final time

0 510
-0.52 380
-1 260
-16 130
‘ : -
21 34
(@) (b)

Figure 4. (a) Electric potential [V], (b) the Von Mises stress norm [Pa] at final time

Figure 2 presents the deformed configurations for the two previously mentioned cases, at final time T. Note that in the case
of an insulated foundation, the body is compressed by the actions of tractions. However, in the case of a conductive foundation,
the shape of the body changes greatly because of the difference in the electrical potential. Such a phenomena is particularly
visible on the contact boundary: while there are only 8 nodes in slip status in the first case, there are 25 in the second case (see
Figure 3). The values of the computed electric potential and the Von Mises norm of the stress field in the deformed
configuration are plotted in Figure 4 for the value ¢, = —48 V. We note that the magnitude of the electric potential field is
large in the zone of contact where the norm of the stress field is large.

Figure 5 shows the relationship of displacements in X, and Y directions with voltages. It shows that the displacement
along the X-axis reached 0.8 x 10~2 um, which is slightly shorter than the displacement along the Y-axis with 1.1 X 1073 ym

for a voltage of 0.75 V.
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0 0.1 0.2 0304 05 06 07 0.8
Voltage [V]

Figure 5. The relationship between voltage and displacement

5. CONCLUSION

A new model of the contact process between an electro-viscoelastic body and the foundation is numerically studied in this
paper. The novelties arise in the fact that the process is dynamic, the material behavior is described by an electro-viscoelastic
constitutive law and the foundation is electrically conductive. A fully discrete scheme was used to approach the problem and
a numerical algorithm which combine the penalty approach with the Newton method was implemented. Moreover, numerical
simulations for a representative two-dimensional example were provided in the two different cases insulating and conducting
electrical boundary conditions. These simulations describe the inverse piezoelectric effect, i.e. the appearance of strain or stress
in the body, due to the action of the electric flied. Also, they underline the effects of the electrical conductivity of the foundation
on the process. Performing these simulations, we found that the numerical solution worked well and the convergence was
rapid. This work opens the way to study further problems with other conditions for thermally-electrically conductive
foundation.
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