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Abstract: In this paper, a mathematical model of HIV/AID and HSV-II co-infection has been formulated and analyzed. The
main aim of this study was to give awareness for the community on the transmission dynamics of the disease. The well
possedness of the formulated model equations was proved and the equilibrium points of the model have been identified.
Qualitative analysis of the formulated model was established using basic reproduction number. The results show that the
disease free equilibrium is locally asymptotically stable if the basic reproduction is less than one. The endemic equilibrium of
the model equations are considered to exist when the basic reproduction number for each disease is greater than one. Finally,
numerical simulations of the model equations are carried out using the software MATLAB R2015b with ODE45 solver.
Numerical simulations illustrated that as we increase force of infection, the infections increases.
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1. INTRODUCTION

Human Immunodeficiency Virus (HIV) is the causative agent of Acquired Immunodeficiency Syndrome (AIDS) [1]. HIV can
be transmitted to person through the exchange of a variety of body fluids from infected individuals, such as blood, breast milk,
semen, and vaginal secretions. HIV/AIDS was identified since 1983 in the United States, over 60 million people have been
infected, and the WHO estimates that a death due to AIDS exceeds 25 million people. In 2015, an estimated 36.7 million
people were living with HIV (including 1.8 million children), a global HIV prevalence of 0.8%, with the majority of this
number living in low- and middle-income countries [2].

Herpes simplex virus type II (HSV-II) infections are the primary cause of genital herpes. Genital herpes is a chronic, life-
long viral infection caused by Herpes Simplex Virus-I (HSV-I) and Herpes Simplex Virus-II (HSV-II). HSV-II can be
transmitted during sexual contact with someone who has a genital HSV-II infection [3]. Worldwide, an estimated 19.2 million
new HSV-II infections occurred among adults and adolescents aged 15-49 years in 2012 with the highest rates among younger
age groups. HSV-II is a lifelong infection and the estimated global HSV-II prevalence of 11.3% translates into an estimated
417 million people with the infection in 2012. The prevalence of HSV-II is highest in the WHO African Region (31.5%),
followed by the Region of the Americas (14.4%) [4].

Epidemiological analysis has recognized a link between the prevalence of HSV-II and HIV. In fact, individuals infected
with HSV-II are at greater risk of acquiring HIV after exposure, underscoring the fact that herpes infection is an important
cofactor for HIV transmission. While the prevalence of HIV is much lower than that of HSV-II, the global burden of HIV is
significant [5]. In many countries, the major public health significance of HSV-II relates to its potential role in facilitating HIV
transmission. HSV-II is highly widespread in most regions experiencing severe HIV epidemics, with infection rates rising
sharply with age to arrive at levels of 70% or more among adult women and men in some African countries [6].

Many mathematical models were developed to control spread of HIV and HSV-II and the interactions between HSV-II
and HIV. A Mhlanga ef al. [7] developed a mathematical model for the spread of HSV-II by incorporating all the relevant
biological details and poor treatment adherence. The study illustrates that though time dependent control will be effective on
controlling new HSV-II cases it may not be sustainable for certain time intervals. However, Mukandavire et al. [8] developed
a mathematical model of HIV to compares the impact of increasing condom use or HIV pre-exposure prophylaxis (PrEP) use
among sex workers. The authors found that condom promotion interventions should remain the mainstay HIV prevention
strategy for female sex workers (FSWs), with PrEP only being implemented once condom interventions have been maximized
or to fill prevention gaps where condoms cannot be used. Furthermore, many authors [9-13] developed a mathematical model
for sexually transmitted disease to control the transmission dynamics of the disease including HIV, HSV-II and Syphilis.
Moreover, Abu-Raddad et al. [14] designed a mathematical model to assess whether HSV-II prevalence can be predictive of
future HIV spread. Their results illustrated that if HSV-II prevalence is low and stable, then the risk of future HIV epidemics
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is low. Also their results shown that, expanding or high HSV-II prevalence (greater than about 20%), implies a risk for a
considerable HIV epidemic. Mhlanga [2] also proposed a deterministic mathematical model for the co-interaction of HIV and
HSV-II in a community, with all the relevant biological detail and poor HSV-II treatment adherence. In this study threshold
parameters of the model are determined and stabilities are analysed. Results from their simulation suggests that more effort
should be devoted to monitoring and counseling of individuals dually infected with HIV and HSV-II as compared to those
infected with HSV-II only. So far, few mathematical studies have been undertaken to model co-infection of HIV and HSV-II
mathematically, but they did not considered HIV-HSV-II compartment in their studies.

This paper is organized as follows: in Section 2, we derive a model consisting of ordinary differential equations that
describes the transmission dynamics of HIV-HSV-II co-infection with the fundamental assumptions. In Section 3, qualitative
analysis of HIV only model was performed. In Section 4, HSV-II only model was analyzed. Similarly in Section 5 the analysis
of HIV and HSV-II co-infection model was performed. In Section 6, numerical simulation of the model equations are
performed by conveying various sets of numerical values to the model parameters. The conclusions are discussed in Section
7.

2. MODEL DESCRIPTION AND FORMULATION

HIV-HSV-II co-infection model divided the total population denoted by N(t) into eleven classes at time t depend on their

disease status. Those are:

e  Susceptible individuals S(t) is the class of individuals who are healthy but can contract the disease.

e Unawared HIV infected individuals I, (t) consists of individuals which are unaware infected with HIV and are also
infectious.

e  Unawared HSV-II infected individuals I, (t) consists of individuals which are unaware infected with HSV-II and are also
infectious.

e  Unawared co-infected individuals I,,;(t) consists of individuals which are unaware infected with HIV-HSV-II and are
also infectious.

o Screened HIV infected individuals I, (t) consists of individuals which are screened infected with virus and provide
treatment for those who are found to have HIV infection.

e Screened HSV-II infected individuals I (t) consists of cells which are screened infected with virus and provide treatment
for those who are found to have HSV-II infection.

e Screened co-infected individuals I, (t) consists of cells which are screened infected with virus and provide treatment for
those who are found to have HIV-HSV-II infection.

e Individuals with AIDS, A(t).

e Individuals with HSV-II, H(t)

e Individuals with both AIDS and HSV-II, AH(t).

e Recovered individuals R(t).

It is assumed that susceptible individuals are recruited into the population at a constant rate of I1. Susceptible individuals

. . . . . . I I . . . . .
may acquire HIV infection with force of infection A;, = W when they come into effective contact with an infectious
h

individual at the rate §; that may lead to infection. Also, susceptible individuals may acquire HSV-II infection with force of

infection A; = M when they come into effective contact with an infectious individual at the rate $, that may lead to
S

infection. The unawared HIV infected individuals are screened and join the screened HIV infected subclass at a rate a.
However, some of the unawared HIV infected individual’s progress to AIDS at a rate § and others join the unawared HIV-
HSV-II co-infection subclass at a rate ¢.

Furthermore, screened HIV infected individuals’ progress to AIDS at a rate w and also joined the screened HIV-HSV-II
co-infection subclass at a rate ¢. Also, the unawared HIV-HSV-II co-infection individuals are screened and join the screened
HIV-HSV-II co-infected subclass at a rate 8. But, some of the unawared HIV-HSV-II co-infected individual’s progress to
AIDS and HSV-II co-infection subclass at rate p. The screened HIV-HSV-II co-infection is also progress to AIDS and HSV-
II co-infection subclass at rate . The unawared HSV-II infected individuals are screened and joined the screened HSV-II
infected subclass at a rate y and others join the unawared HIV-HSV-II co-infection subclass at rate 1. However, some of
them are progress to HSV-II subclass with rate € and recovered naturally by body immunity at rate k.

The screened HSV-II infected individuals are treated at rate € and joined the recovered subclass with this rate. Some of
them are progress to HSV-II subclass and screened co-infection of HIV-HSV-II subclass with rate n and 7 respectively. AIDS
individuals and HSV-II individuals are also progress to co-infection of AIDS and HSV-II subclass with rate v and y
respectively. Finally, recovered individuals revert to susceptible subclass after losing their immunity at a rate . All individuals
suffer natural mortality at a rate u and sick individuals die of AIDS, HSV-II and AIDS-HSV-II co-infection at rate &. The
schematic diagram that describes the flow of the model is shown Figure 1.

The above model description and assumptions can be written as linear system of differential equation as:

S =M+ 0R— (A + A + WS
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Figure 1. Schematic diagram for HIV-HSV-II co-infection model

T = 1S — (P + @+ 6 + Wl

dlys
p” =AS—W+e+y+r+w)ly
dlyhs
d—th = @lyp + Pl — (0 + 0 + Wy (1)
Toh — alyp, — (9 + 0+ Wl

dt
=ylLs—(T+n+e+ Wl

dlss _
dt
% = Olyps + @l + Tl — (0' + ﬂ)lshs
%=6‘Iuh+wlsh—(v+u+f)A
%=slus+nlss—()(+n+u+§)H
E8 = Pluns + Olons + VA + xH — (i + E)AH

With initial conditions, S(0) = Sp, I;4(0) = Lypg, Iys(0) = Lso, Iyns(0) = Lynso, Lsn(0) = Ispg, 1s5(0) = Iss0, Isps(0) =
Isnso, A(0) = Ay, H(0) = Hy, AH(0) = AHy, R(0) = R,.

3. ANALYSIS OF HIV ONLY MODEL

In this section, the analysis of the transmission dynamics of HIV only model is considered.

as

=T +wS

L = 1S — (@ + 8 + )l @)
Lot al, — (0 + Wi,

dt
dA
& Olyp + wlgp — (W +6)A

3.1 Invariant Region

Theorem 1: The total population size N, of the system of model in Equation (2) is bounded in the invariant region ;. That is,
size of N}, is bounded for all ¢.

Proof: In model Equation (2) the total population of Nj, is given as
Ny=S+1y+1,s+A

Differentiating N, both sides with respect to t leads to
aNp _ 4S | Alun  dlus | dA
ac ~ dt = de a &)

Substituting model Equation (2) into Equation (3), we can get
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TR =T - uN, — ¢4 @)

In the absence of mortality due to AIDS(¢ = 0), then Equation (4) become

aNp —
o = T —uNy, 5)
Rearranging and integrating both sides of Equation (5), we get
dNp
f Ty S [dt

-1 . .
o Tln(l'[ —uNy) <t+c, ,wherec; isintegration constant

= In(ll — uNy) = —ut + c,, where ¢, = —uc;
= (I1 — uN,) = ce ™, where c = e™2

Then, applying initial condition, N;,(0) = Ny, we obtain

¢ =1II— uNpo
= I — uN, = (11 — uNpy)e
SN, < g - [@]e—ﬂf (6)

As t — oo in Equation (6), the population size Ny, (t) — g which implies that 0 < N, (t) < (g) . Thus, the feasible solution

set of the model Equation (2) enters and remains in the region:
Q ={(S, Lun, Lsn, A)ERL : Ny <T/u}

Therefore, the model Equation (2) is wellposed epidemiologically and mathematically. Hence, it is sufficient to study the
dynamics of the model in the region ;.

3.2 Existence of Solution

Lemma 1: Solutions of the model Equation (2) together with the initial conditionsS(0) > 0, I,,(0) > 0, L (0) > 0, A(0) >
0 exist in R%i.e., the solution of the model variables S(t), IL,,(t), L, (t)and A(t) exist for all t and will remain in R%.

Proof: The right hand sides of the system of Equation (2) can be expressed as follows:

A0S L Ly A)=T— Ay +w)
28 L Isn, A) =4S —(a+68+ Wl
68 L Iny A) = aly, — (0 + Wy
f4-(Sr Lyp, Ip, A) = ply + ol — (1 + f)A

According to Derrick and Groosman theorem, let Q; denote the region Q; = {(S, Iun, I, A) € R : N < T1/u}. Then
Equation (2) have a unique solution if (3f;)/ ((')x]-), i,j =1,2,3,4 are continuous and bounded inQ;. Here, x; =S, x, =
Lun, x3 = Iy, and x4, = A. The continuity and the boundedness are verified as in Table 1. Thus, all the partial derivatives
@1/ (ax]-), i,j =1,2,3,4 exist, continuous and bounded in ;. Hence, by Derrick and Groosman theorem, a solution for
the model in Eqaution (2) exists and is unique.

Table 1. Continuity and boundedness of the model solution

1(0f1)/ (@) = -4 + W] <

—6.S
1@/ @] = | 1’5; <o

—B1q1S
|(af1)/(azus)|=| ] <o

[(0f1)/(0A)| =0 < oo.

1(0£2)/(0S)| = 2| < 0

RS
10£:)/ @] = [== (@ +0 +#)| <
1 15

105,/ @) = | DS <

1(0f,)/(0A)| =0 < co.

1(0/3)/(0S)] =0 < oo
[(0f3)/(OLun)| = la| < co
1(0f3)/(0Lys)| = |=(w + p)| < o
[0f3)/(0A) =0 <o

1(0£)/(08)] = 0 < 0
1(0f2)/(0Lup)| = 18] < 0
1(0£2)/ (0lys)| = |w| < oo
100f) /(@A) = |=(u+ | <

3.3 Positivity of Solution

The solution of the system remains positive at any point in time t, if the initial values of all the variables are positive.
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Theorem 2: Let Q= {(5, L, Ly, A)€ER%;S, >0, Lupy >0, Igpy >0, Ag > 0} then the solutions of
{S, ILin, Isn, A} arepositive forall t = 0.

Proof: Positivity is verified separately for each of the model S(t), L;n(t), I (), and A(t).

Positivity of S(t): From model Equation (2) we have:

S=N— U+ S
Eliminating the positive terms IT we get,
o= > —(A + S

Using variables separable method we get,
=2 > —(4y + W,
Integrating both side we can get,
> [T - [y +wdt
= 1InS = —(4;, + Wt + c,, where c, is integration constant
= S(t) = Spe”AntWt 5 = e% and e+t > 0, forall t > 0.

Hence, it can be concluded that S(t) > 0.
Positivity of I,;, from model Equation (2) we have:

L = 1S — (@ + 8 + )l
Eliminating the positive terms (1,S)we get,

© T > —(a+ 6+ Wl
Using variables separable method we get,

=>I‘fl—’hz —(a+ 6 + pdt,

Integrating both side we can get,

=>fld—lhz—f(a+5+u)dt

=>Inly=—(a+6 +u,u)t + c5, where c5 is integration constant
= I (t) = Ipee” @+t 0 = e and e~ (@*+6+1t > 0 forall t > 0.

Hence, it can be concluded that I, (t) = 0.

Positivity of /g, (t): From model Equation (2) we have:

dal
5t = o~ (0 + W

Eliminating the positive terms (al,;) we get,
&z (0 + Wiy
Using variables separable method we get,
> T8 > (0 + pdt
sh
Integrating both side we can get,
> [T > — [(w+p) dt
sh
= Inly = —(w + p)t + cg, where ¢ is integration constant
= I (t) = Ipoe™ @ g0 = e% and e (@THWE > 0, forall t > 0.

Hence, it can be concluded that Iy, (t) = 0.

Positivity of A(t): From model Equation (2) we have:
dA

o = Plun + 0l — (u+ A
Eliminating the positive terms (pl,,;, + wls,) we get,

ozt HA
Using variables separable method we get,

=5z —(u+ 9,
Integrating both side we can get,

> [Dz—f(u+d)adt
= InA > —(u + )t + c,, where ¢, is integration constant
= A(t) = Age" W+ Ay = e and e"#+Ot > 0, forall t > 0.

Hence, it can be concluded that A(t) = 0. Therefore, the model variables S(t), I, (t), [, (t) and A(t) representing
population sizes of various types of cells are positive quantities and will remain in R% for all ¢t.

3.4 Stability Analysis of the Disease-Free Equilibrium (DFE)
The disease free equilibrium of the HIV only model Equation (2) is determined by equating to zero. Then we get:
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E, = {(g) 0, 0, 0, 0}

The local stability of the DFE, E; can be established using the next generation operator method in Van den Driessche and
Watmouth [15] on the system in Equation (2). To do this the basic reproduction number can be determined depends on the
definition of infected and uninfected compartments. The model Equation (2) are rewritten starting with newly infective classes:

L = S — (@ + 8 + Wl
dlgp

dt
dA

o plup + wl, — (+ A

= aluh - (w + :u)lsh

Then by the principle of next-generation matrix, we obtained

fata oo @+ 8+ Wy
fi = O and v = _aluh + ((U + M)Ish
0 —plyp — 0l + (1 +$A

The Jacobian matrices of f; and v; evaluated at DFE are given by F and V, respectively, such that

B PBigs O (a+6+p 0 0
F=|0 0 O0|land V= —a (w+ 1) 0
0 0 o0 -5 —w w+8

It can be verified that the matrix Vis non-singular as its determinant det[V] = (a + § + p)(w + p)(u + &) is non-zero and
after some algebraic computations its inverse matrix is constructed as

1

(a+8+u) 0 0

V—l _ a 1 0
= (a+8+w)(w+p) (w+w)

aw+8(w+up) 3, 1

(a+d+w)(w+p)(u+s)  (w+w)(u+s)  (u+é)

The product of the matrices F and V™! can be computed as:

1
S e— 0 0
(a+6+p
P B1 Biqx O a g 1 0
“la o ol @rerme+w @+p
aw + 6(w + p) w 1
[(a+d+wWw+wp+é) (W+wu+é @+
B1 Piq1a B1a1
_|l@+é+p (@+d+w(w+p) (w+p)
0 0 0
0 0 0

Now it is possible to calculate the eigenvalue to determine the basic reproduction number R;, by taking the spectral radius of
the matrix FV 1. Thus, the eigenvalues are computed by evaluating det[FV~ — AI] = 0 or equivalently solving

| '81 ﬁlqla _ ,81(]1
(a+6+w) = (a+s+w)(w+p) (w+p) — 0
0 - 0|~
b praatarsr ]
2 [Bilw+w)+Brqra(a+s+p) _
=4 [ (a+8+u)(w+up) /1] 0
_ [Bilw+w)+Biqia(a+8+p) _ _
=>h= [ (a+8+u) (w+n) ] Ay =43 =0.

However, the dominant eigenvalue here is 1,

= [Bl(w+u)+b’ 101 ¢@+H ] hd is the spectral radius as the threshold value or

(a+8+p)(w+p)
the basic reproductive number. Thus, it can be concluded that the reproduction number of the model is R, =
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[51(w+ﬂ)+ﬁ1Q10‘(‘1+5+#)
(a+8+m)(w+p)
stable if R;, < 1 and unstable is Ry, > 1.

] . Further using Theorem 2 in Van den Driessche and Watmouth [15], the DFE is locally asymptotically

3.5 Existence and Stability Analysis of Endemic Equilibrium

Lemma 2. The HIV only model Equation (2) has a unique endemic equilibrium if and only if the basic reproduction
number R, > 1.

Proof. Let the endemic equilibrium point of the model Equation (2) be denoted by
E, = (5% uhs s A7)
and consider the force of infection
« _ Paillin+ailsy)
p = Uk tshs }Il\,h sk (7

Solving the model in Equations (2) by setting the right hand sides equal to zero, we get,

«_ I o= A},
Tt T () (@b’
s allly, . _ allA (w+p)+wall(A)+u1) ®)
SR (g +m) () (A + 1) (@+8+w) (@+p) (1 +E)
Substituting Eqaution (8) in Equation (7) we get
1= B1M1Ay B191allAy

h — (A’;l+u)(a+6+u) (/1;‘1+u)(w+u)
)+ A lw —TiR,] =0

Hence, the HIV force of infection, A, satisfies the following polynomial
p(A;) = (4;)*> + DA;, = 0, where D = u — IR,

By mathematical induction, D > 0 whenever the basic reproduction number is less than one (R, < 1). This implies
that 1 = —1/D < 0. Therefore, the HIV model has no endemic equilibrium whenever R, < 1. Hence, the analysis
describes the impossibility of backward bifurcation in the HIV only model, implies there is no existence of endemic equilibrium
whenever the basic reproduction number is less than one (R, < 1).

4. ANALYSIS OF HSV-I1 ONLY MODEL

In this section, the analysis of the transmission dynamics of HSV-II only model is considered.

S =N+ 9R - (A +p)S
T = 268 — (e + ¥ + 1+ W)lys ©9)
dlss

? = ylus - (71 +e€ +:u)lss
dH
- = glus+nlss - (T[+ﬂ+f)H

at
Z—I:= Kl + €lgg +mH — (9 + )R

4.1 Invariant Region

Theorem 3: The total population size Ny of the system of model Equation (9) is bounded in the invariant region ,. That is,
size of N; is bounded for all t.

Proof: In model Equation (9), the total population of Nj is given as
Ne=S+IL,+I,s+H+R

Differentiating Ng both sides with respect to t leads to
dNs _ dS | dlys , dlgs , dH , dR
—S=— —+ = (10)
at ~ dt ' dt ' dr ' odr ' de

Substituting model Equation (9) into Equation (10), we can get
ANs _ _
? =11 ,LLNS fH
In the absence of mortality due to HSV-II (¢ = 0), then Equation (11) become
dNg
e < I — uN;

Rearranging and integrating both sides of Equation (12), we get

dN.
Il —H_va -< [dt
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-1 . .
o Tln(l'[ — uNy) <t + ¢, , where ¢, is integration constant

= In(IT — uN) = —ut + cg, where cg = —ucy
= (Il — uNg) = ce M, where ¢ = e

Then, applying initial conditionN¢(0) = Ny, we obtain
c=1II—uNg
= Il — uNg = (I — uNgy)e #t
>N, < g— [%]e—ﬂt (13)

As t — oo in Equation (13), the population size N, (t) — g which implies that 0 < Ny(t) < (g) . Thus, the feasible solution

set of the model Equation (9) enters and remains in the region:
Q, ={(S, Ius, Is, H, R)ERY : Ny <T/u}

Therefore, the model in Equation (9) is wellposed epidemiologically and mathematically. Hence, it is sufficient to study the
dynamics of the model in the region ,.

4.2 Existence of Solution
Lemma 3: Solutions of the model Equations (9) together with the initial conditions, S(0) > 0, I,5(0) > 0, I(0) > 0,

H(0) > 0, R(0) > 0 existin R} i.e., the solution of the model variables S(t), I,,(t), Ls(t), H(t) and R(t) exist forall t
and will remain inRS.

Proof: The right hand sides of the system of Equations (9) can be expressed as follows:

fs(S, Lus, Iss, H, R)=T+9R— (A +p)S
fe(s' Ly, I, H, R)= AS—(e+y+r+ ,u)lus
7S Lis, Issy H, R)=yls—+e€+wl
fe(S, Ly Isss H, R)=celys+nls—(m+u+&H
fo(S, Lis, I, H, R) =kl +e€l+mH — (9 + u)R

According to Derrick and Groosman theorem, let Q, denote the region Q, = {(S, I, I, H, R) € R : N, <
[1/u}. Then Equations (9) have a unique solution if (3f;)/ (axj) , i,j =1,2,3,4,5 are continuous and bounded in (2,. Here,
X, =S, x, =1, x3 =1, x4, =H and x5 = R. The continuity and the boundedness are verified in Table 2. Thus, all the
partial derivatives (9f;)/ (axj), i,j =1,2,3,4,5 exist, continuous and bounded in ,. Hence, by Derrick and Groosman
theorem, a solution for the model (9) exists and is unique.

Table 2. Continuity and boundedness of the model solution

10fs)/(09)] = |-(As + )| <0

—B,S
|(af5>/(azus>|=| 22l < oo

- S
|(afs>/(azss>|=| 2027 < o

[(0fs)/(OH)| =0 < o
[@fs)/(@R)| = [9| < =

10f6)/(09)] = 45| < 0

ZS
1@/ @1 = |2 — ey 4 x4 )| < o0
S
0f)/@1) = P25 < oo

N

[(0fs)/(@H)| =0 < oo
[(0fs)/(OR)| =0 < o

1(0f7)/(0S)] =0 <o
[(0f7)/(01ys)| = ly| < co
1(0f7)/(01s)| = |=(n + € + )| < ©
|(0f7)/(0H)| = 0 < oo

[(0f7)/(OR)| =0 <o

[(0fs)/(08)| =0 <

[(0fs)/ (OLys)| = |e] < oo
[(0f3)/(@Is)| = In| < oo
[(0fg)/(OH)| = |-(m+p+8§)| <
[(0fg)/(OR)| =0 < oo

[(0f5)/(0S)| =0 < oo

[(0f9)/ (0Lys)| = |k| < o0
[(0f5)/(Olss)| = |e| < o
[(0fs)/(0H)| = |r| <
[(0fe)/OR)| = |-(¥ + )| <

4.3 Positivity of Solution

The solution of the system remains positive at any point in time t, if the initial values of all the variables are positive.
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Theorem 4: LetQ, = {(5, L, I, H, R)€ERS;S, >0, Lisy, >0, Iy, >0, Hy >0, Ry > 0} then the solutions of
{S, L, Is, H, R} arepositive forall t = 0.

Proof: Positivity is verified separately for each of the model S(t), IL,s(t), I(t),H(t) and R(t).
Positivity of S(t): From the model in Equation (9) we have:

S =M+ 9R— (A + S
Eliminating the positive terms (IT + 9R) we get,

oS> —(A + S
Using variables separable method we get,

> 2> —(4 + pdt
Integrating both side we can get,

> [T [(+mdt
= InS = — (4, + w)t + cg, where cg is integration constant
= S(t) = Spe”AstWt ) = e and e"AstHt > 0, forall t > 0.

Hence, it can be concluded that S(t) = 0.
Positivity of I,,5: From model Equation (9) we have:

%zﬂss—(e+y+ic+u)1us
Eliminating the positive terms (4,S) we get,

@%2—(s+y+lc+u)1us
Using variables separable method we get,

dal
=

> —(e+y+r+pdt

Ius
Integrating both side we can get,

= [ > ety +x+p)de

I'U.S
=Inl, = —(e+y+ Kk + p)t + cy, where cq is integration constant

= I, (t) = I,gpe” ETYTErmt [ o = e and e= Y+t > 0 forall t > 0.

Hence, it can be concluded that I,,;(t) = 0.
Positivity of I;(t): From model Equation (9) we have:

dlss
dt = ylus - (71 +e+ :u)lss
Eliminating the positive terms (y1,s) we get,
o8>+ e+ Wl

dt
Using variables separable method we get,

:%2—(n+e+u)dt
Integrating both side we can get,
:f%z—f(n+e+y)dt
= Inl = —(n + € + Pt + c14, where ¢y is integration constant
= I (t) = Igoe~ Mt [ = el% and e~ 1€+ > 0 forall t > 0.

Hence, it can be concluded thatl . (t) = 0.
Positivity of H(t): From the model in Equation (9) we have:

‘Z—IZ= elys+nls—(m+p+8H

Eliminating the positive terms (el + nls) we get,

4:)‘;—1:2—(71+u+§)H
Using variables separable method we get,

=>%H2—(7T+/x+§)dt
Integrating both side we can get,

> [S>—[(r+u+8)dt
=InH > —(m+ u + &)t + ¢y, where ¢, is integration constant
= H(t) = Hye ™H#+Ot [, = eC11 and e~ ®+#+t > 0 forall t > 0.
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Hence, it can be concluded that H(t) = 0.
Positivity of R(t): From the model in Equation (9) we have:
dR
i Kl + €lgs +mH — (9 + )R
Eliminating the positive terms (k1 + €lys + TH) we get,
oz —W+wR
Using variables separable method we get,
>8> —(9 + p)dt
Integrating both side we can get,
> [D2-[@+wpdt
= InR = —(9 + W)t + c1,, where ¢y, is integration constant
= R(t) = Rye" @Mt R, = €12 and e~ @+t > 0, forall t > 0.

Hence, it can be concluded that R(t) = 0. Therefore, the model variables S(t), I,s(t), L(t), H(t) and R(t) representing
population sizes of various types of cells are positive quantities and will remain in R for all ¢.

4.4 Stability Analysis of the Disease-Free Equilibrium (DFE)
The disease free equilibrium of the HSV-II only is determined by equating Equation (9) to zero. Then we get:

Es= {(g) 0, 0, 0, 0}

The local stability of the DFE, E; can be established using the next generation operator method in Van den Driessche and
Watmouth [15] on the system (9). To do this the basic reproduction number can be determined depends on the definition of
infected and uninfected compartments. The model in Equation (9) are rewritten starting with newly infective classes:

dlys
p” =AS—(e+y+r+ iy
dlss
? = ylus - (71 +€e+ :u)lss
dH

E=€Ius+nlss_(n+#+f)H

Then by the principle of next-generation matrix, we obtained

ﬁz(lusl‘:']‘hlss)s (8 +y+K+ ﬂ)lus
fi = OS and v = _ylus + (71 +e+ #)Iss
0 —elys —nlss + (m+p+ HH

The Jacobian matrices of f; and v; evaluated at DFE are given by F and V, respectively, such that

B P29, O (e+y+r+p 0 0
F=|0 0 O|land V= -y n+e+uw 0
0 0 0 —& -n (m+u+d

It can be verified that the matrix Vis non-singular as its determinant det[V] = (e+y+x+pum+e+w(m+u+¢&)is
non-zero and after some algebraic computations its inverse matrix is constructed as

1
—_— 0 0
|r (e+y+x+p) -I
AP [ A — 1 o |
= (e+y+r+p)(m+e+p) (n+e+p)
6
yn+em+e+u) n 1
(e+ty+e+pw)(m+e+p)(m+pu+d)  (M+e+p)(m+p+d)  (m+p+é)

The product of the matrices F and V! can be computed as:
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1
-_— 0 0
(e+y+r+p
2 P92 O 4 1 0
Fv='=l0o 0 o0 (e+y+r+w+e+p) m+e+p
0 0 0 7]
yn+em+e+pu) n 1
(e+y+r+pm+e+tp)m+p+d) Mre+p)m+p+é) (@+p+d)
B B292y B29-
—|e+ty+r+w) (+y+re+wh+te+n) M+te+w
0 0 0
0 0 0

Now it is possible to calculate the eigenvalue to determine the basic reproduction number R, by taking the spectral radius of
the matrix FV ™1, Thus, the eigenvalues are computed by evaluating det[FV ™! — AI] = 0 or equivalently solving

B2 B2g2v _ B24g2
(e+y+r+p)  (e+y+r+p)(M+e+p) (+e+u) -0
0 -1 0™
0 0 -1
= 22 [Bz(n+e+u)+ﬁzqzy(8+y+x+u) _ A] =0,
(e+y+r+p)(n+e+u)
_ [B2(n+et)+Brqay (e+y+rc+p) _ _
= A‘l' - [ (e+y+r+u)(M+e+u) ] ! 15 - A6 =0

B2(n+e+1)+P2azy (e+y+K+u)
(e+y+r+p)(+e+p)

or the basic reproductive number. Thus, it can be concluded that the reproduction number of the model is Rg =

[Bz(n+6+u)+quzy(s+y+x+u)
(e+y+r+p)(n+e+p)

established. The DFE is locally asymptotically stable if Ry < 1 and unstable is R > 1.

However, the dominant eigenvalue here is 4, = [ and is the spectral radius as the threshold value

]. Further using Theorem 2 in Van den Driessche and Watmouth [15], the following result is

4.5 Existence and Stability Analysis of Endemic Equilibrium

Lemma 4. The HSV-II only model Equation (9) has a unique endemic equilibrium if and only if the basic reproduction
numberRg > 1.

Proof. Let the endemic equilibrium point of the model in Equation (9) be denoted by,

E,=(S" I I, HY, RY)
and consider the force of infection
1= M (14)

Solving the model by setting the right hand sides of Equation (9) equal to zero, we get,

gr— ™ . AL . allAl
Qs+ W At (ety+r+) 55 A+ (mte+p)’
s YIAO+e+p)+my(As+u) * _ Klystelss+mH (15)
As+w)(e+y+r+p) (n+e+p) (m+p+8)’ D+u)

Substituting Equation (15) into Equation (14) we get

* _ B2MAg B2a2YTAg

s A+ (e+y+r+p)  As+w)(m+e+u)
()% + pls — IR, = 0
(A9 + A[u—TR] =0

Hence, the HSV-II force of infection, A5, satisfies the polynomial:
p(Ay) = (A% + MA; = 0, where M = u — IR,

By mathematical induction, M > 0 whenever the basic reproduction number is less than one (Ry < 1). This implies that
As = —1/M < 0. Therefore, the HSV-II model has no endemic equilibrium whenever R; < 1. Hence, the analysis describes
the impossibility of backward bifurcation in the HSV-II only model, implies there is no existence of endemic equilibrium
whenever the basic reproduction number is less than one ( R; < 1).

5. ANALYSIS OF HIV-HSV-II CO-INFECTION MODEL

In this section, the analysis of HIV-HSV-II co-infection model in Equation (1) was considered.
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5.1. Invariant Region

Theorem 5: The total population size N of the system of model Equation (1) is bounded in the invariant region . That is,
size of N is bounded for all ¢.

Proof: In model Equation (1), the total population of N is given as
N=S+L,+1Ls+ps+Igp+ s+ +A+H+AH+R

Differentiating N both sides with respect to t leads to
dN _ds | dI di di di dlgs | dl dA | dH | dAH | dR
D Tuh Pus y Bluhks 4 Zishoy Biss y BIshs o B4 77 247 4 00 (16)
ac  dr ' dt dt dt at ' oat at ' dt ' dt = dt @ at

Substituting model Equation (1) into Equation (16), we can get
dN

EzH—uN—E(A+H+AH) 17)
In the absence of mortality due to disease (¢ = 0), then Equation (17) become
S <n-uN (18)

Rearranging and integrating both sides of Equation (18), we get
-2 <t

MN-uN

-1 . .
S Tln(l'[ —uN) <t + ¢y, , where c;, is integration constant

= In(Il — uN) = —ut + cy3, where ¢;5 = —Ucy,
= (I1 — uN) = ce ™™, where ¢ = e~ 13

Then, applying initial condition, N(0) = N,, we obtain ¢ = I — uN,
' =1 —uN = (11 — uNy)e M

>N <o~ [ e (19)

As t — oo in Equation (19), the population size N(t) —>E which implies that 0 < N(t) < (E) . Thus, the feasible
solution set of the model Equation (1) enters and remains in the region: Q = {(S, Ln, Ius, Luns, Isnr Iss) Lsns » A, H,AH,R) €

R : N, < I/u}. Therefore, the model in Equation (1) is wellposed epidemiologically and mathematically. Hence, it is
sufficient to study the dynamics of the model in the region (1.

5.2. Existence of Solution

Lemma 5: Solutions of the model Equations (1) together with the initial conditions, S(0) > 0, I,,(0) > 0, L,(0) > 0,
Ins(0) >0, I, (0) >0, I,(0) >0, I4.(0) >0, A(0) >0, H0) > 0,AH(0) >0, R(0) > 0 exist in R} ie. the
solution of the model variables S(t), L (t), L,s(t), ILns(t), ILa(t), Ls(t), Lus(t), A(t), H(t), AH(t) and R(t) exist
for all t and will remain in R1%,

Proof: Existence of solution for (S, Ip, Lis, Isn, Iss, A, H, R) are shown in Sections 3.2 and 4.2, and in Tables 1 and 2. Now,
positivity for (Ips, Isns, AH) are shown in Table 3. Let

flO(S' Iuhrlus' Iuhs' Ish' Issrlshs 'A' H'AHr R) = ¢Iuh + lplus - (P +6+ :u)lus
fll(st Iuhﬁlus' Iuhs' Ish' Iss'Ishs 'A' H'AH' R) = eluhs + (plsh + TIss - (J + .u)]shs
f12(5' Iuhﬁlus' Iuhs' Ish' Iss'Ishs 'A' H'AH' R) = pIuhs + O—Issh +vA + XH - (.u + f)AH

According to Derrick and Groosman theorem as in [19], let Q denote the region, Q = {(S, Ly, Lusy lunss Isny  Iss
Lys, A, H, AH, R)€ R} : N <T/u}. Then Equations (1) have a unique solution if (8f)/(dx;), i,j =
1,2,3,4,56,7,8,9,10,11 are continuous and bounded in Q. Here, x; =S, x, = I, X3 =[5, X4 = Iyps, X5 = L, Xg =
Iy, X7 = Igps, xg = A, xg = H, x;0 = AH and x;; = R. The continuity and the boundedness are verified in Table 3. Thus,
all the partial derivatives (aﬁ)/(axj), i,j=1,2,3,4,56,7,8,9,10,11 exist, continuous and bounded in Q. Hence, by
Derrick and Groosman theorem, a solution for the model (1) exists and is unique.
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Table 3. Continuity and boundedness of the model solution

@f1) _ (aﬁ)|: (aﬂ)|= (aﬂ)|::(6ﬂ) _ (aﬂ)|: @f1) _ (af]_)|:O<Oo

09| @)~ |@Ls)| ~ |@Las)| ~ [@A)| || T |(0AH)| [ (@8R |

o] =1l <o, [ 8] =yl <o, [T = 1-(o+0+ 0l <o

0f)| | (0f2) Of)| _ @R _|@R)| _ (aﬁ)|__(aﬁ)|_()<(n

@8)| "~ [@L)| ~ |@L| @A) |(0m)| T |(0AH)| T |(R)|

) =101 <o, [ B3] g1 <o 03] 1 <o [ - o 10 <

@f)| _ | @] _|@H)| _|0f) =|(6f3) _|@f) o<

((65)) (aluh) ((al)us) (alsh)( |)(alss) (aIE) ) Of)

6f3 af3 af3 6f3 6f3

Ohune) = |p| < oo, Olond =|o| < oo, @on) =|V|<°°,m =|X|<°°,m =|-(u+8|l <o

5.3. Positivity of Solution

In this section, we show all the solution of the model Equation (1) remains positive for future time if their respective initial
values are positive.

Theorem 6: Let Q= {(S, lun, lus) lunss Isn Issr Lons, A, H, AH, R) € R{;8,(0) >0, Lypo(0) > 0, Iyso(0) >0,
Linso(0) >0, Ip(0) >0, I50(0) > 0, Ips(0) >0, Ay(0) >0, Hy(0) >0, AHy(0) >0, , Ry(0) >0} then the
solutions of {S, Lin, Lusy ILuns, Isny  Issy Isns A, H, AH, R} are positive for all t > 0.

Proof: Since positivity of S(t), I, (t), Lis@), () Is(t), A(t), H(t) and R(t)are shown in Sections 3.3 and 4.3
separately. Now let us show I, (t), Is(t) and AH(t) are positive for future time.

From model in Equation (1) we have:
dlyps
d—th = Qlyp + Plys — (p + 0 + W lyps
Eliminating the positive terms (¢p1,, + Y1) we get,
dlyhs
< d—th 2 —(p+ 6+ wlhyns

Using variables separable method we get,

:‘jlfz—(pww)dt

Integrating both side we can get,
> [T > — [(p+6 +p)dt
uhs
= Inl, = —(p + 6 + W)t + cq3, where cy3 is integration constant
= Iy (t) = Ipgoe” @O T o = e13 and e~ PO+ > 0 forall t > 0.

Hence, it can be concluded that I,;,5(t) = 0.

From the model in Equation (1) we have:

dl
#hs = Olyps + @lsp + Tlss — (0 + W s
Eliminating the positive terms (61, + @I, + Tlg,) we get,
dl

< %hs 2 —(0 + W lsns
Using variables separable method we get,

= Lshs > _ (5 + p)dt

Ishs

Integrating both side we can get,

> [T > — [(o + ) dt
shs
= In g = —(0 + p)t + cqy, where ¢y, is integration constant
= I (£) = Ipsoe™ @R 1o = el*and e" (Wt > 0, forall t > 0.

Hence, it can be concluded that I, (t) = 0.

From the model in Equation (1) we have:

EE = pluns + lops + VA + xH — (i + E)AH
Eliminating the positive terms (pl,,s + 0lsns + VA + yH) we get,
s %H =>—(u+é&AH

Using variables separable method we get,
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=% > —(u+ §)dt
Integrating both side we can get,
dAH
> [ = fu+dadt
= InAH = —(u + &)t + c;5, where ¢, 5 is integration constant

= AH(t) = AHye W+t AH, = €15 and e~ ®+t > 0, forall t > 0.

Hence, it can be concluded that AH (t) = 0. Therefore, the model variables I,,;,5(t), Isys(t) and AH (t) representing population
sizes of various types of cells are positive quantities and will remain in R} for all ¢.

5.4. Stability Analysis of the Disease-Free Equilibrium (DFE)

The disease free equilibrium of the HIV-HSV-II co-infection is obtained by equating the system of model Equation (1) to zero.
At disease free equilibrium, there are no infections and recovery. Then we can get;

Es = {(g) 0,0,0,0, 0, 0, 0, 0,00

The local stability of the DFE, E5 can be established using the next generation operator method in Van den Driessche and
Watmouth [15] on the system (1). It follows that the basic reproduction number of the HIV-HSV-II model Equation (1),
denoted by Ry, is given by Ry, = max{R;, R} where,

R, = [b’1(w+ﬂ)+ﬁlq1a(¢x+6+u)
" (@+8+p)(@+i)
R = [Bz(n+e+u)+ﬁzqzy(£+y+x+u)
=
(e+y+r+p)(n+e+p)

Theorem 7: The disease free equilibrium point Eg of the system (1) is locally asymptotically stable whenever the basic
reproduction number is less than one (R;s < 1) and unstable if otherwise.

Proof: To proof this theorem first we obtained the Jacobian matrix of the model in Equation (1) at the disease free equilibrium
Eg is given by:

—1 =B =B 0 —fiqx —Bqz O 0 0 0 0
0 B—n 0 0 Biqq 0 0 0 0 0 0
0 0 B,—1m, O 0 B2q- 0 0 0 0 0
0 ¢ P —13 0 0 0 0 0 0 0
0 a 0 0 -1 0 0 0 0 0 0

J(Es) =10 0 y 0 0 —T5 0 0 0 0 0
0 0 0 0 10 T -1 O 0 0 0
0 é 0 0 W 0 0 -r O 0 0
0 0 £ 0 0 n 0 0 -1z O 0
0 0 0 p 0 0 o v X T 0
L 0 0 K 0 0 € 0 0 3 0 —rd

Now, the eigenvalues of J(Eg) are required to be found. The characteristic equation det[J(Es) — AI] = 0 is expanded and
simplified as follows:

—n—A =B —B. 0 “Bits B2 0 0 0 0 0
0 B—r)—2 0 0 B 0 0 0 0 0 0
0 0 By—1)—21 0 0 Bata 0 0 0 0 0
0 é P P | 0 0 0 0 0 0
0 a 0 0 —-1,—A 0 0 0 0 0 0
0 0 y 0 0 -rs—2 0 0 0 0 0 =0 (20)
0 0 0 0 ® T —r,—1 0 0 0 0
0 6 0 0 1) 0 0 -1, =1 0 0 0
0 0 € 0 0 n 0 0 -r,—41 0 0
0 0 0 p 0 0 o v X —Tg— A1 0
0 0 K 0 0 € 0 0 s 0 T30 — 4

From the Jacobian matrix of Eqaution (20), we obtain a characteristic polynomial:

[_u - /‘{] [_rlo - /’{] [—1'9 - A] [_rg - A] [—1'7 - A] [—T‘6 - A] [4/’{4 + Lll3 + Lz/’{z + L3/’{ + L4] = 0 (21)

where
Li=rn—-p+1rs—p
L, =2[afiqr — ¥B2q, — 1a(Br — 1) —15(Br — )] + (s — B2) (1 — B1)
Ly = ap1q:(rs — B2) = VB2q2 (1 — B1) — 1a(rs — B2) (By — 1) — 15(B2 — 12) (1u — B1)
Ly = yB2qoma(By — 11) + ¥B2q2aB1q1 + 1ars (B — 1) (By — 11) — 1508191 (B2 — 12)
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Thus, from Equation (21) clearly we see that:
A=~ Ay =Ty, A3 =Ty, A4y =15, ds = =17, A = —T6,4; = T3

It can be observed that the eigen valuesd,, 4,, 45, 14, A5, Agand A, are absolutely negative quantities.
For the last expression, that is,

4‘14‘ + Lll3 + Lzlz + L3A + L4 = 0 (22)

We applied Routh-Hurwitz criteria. By the principle of Routh-Hurwitz criteria, Equation (22) has strictly negative real root if
and only if L; > 0,L, > 0,L3 > 0,L, > 0 andL,L,L; > L% + L%L,.Therefore, it is concluded that the DFE Es of the system
of differential Equations (1) is locally asymptotically stable if Ry, <1 and unstable ifR,; > 1. Here,ry =
@p+a+d+p)rn=+e+ty+re+tp)r=p+0+wn=>@+o+wr=C+n+te+tp),rg=_(>+w,rn=
V+p+drn=0+rn+pu+8) o=@+, r0=0+p.

5.5. Global Stability of Disease Free Equilibrium

The global stability of disease free equilibrium is determined using Castillo-Chavez and Song [16] technique. The model
Equation (1) can be re-written as
dX/dt = F(X,Y)
dy/dt =G(X,Y), G(X,0)=0

where X stands for the uninfected population, that is X = (S, R) and Y also stands for the infected population, that is ¥ =
(luny Lusy Lyns, Isn, Issy Lins, A, H,AH). The disease free equilibrium point of the model is denoted by U = (X*,0). The
point U = (X*,0) to be globally asymptotically stable equilibrium for the model provided that R, < 1 and the following
conditions must be met:

(Hy). FordX/dt = F(X,0), X* is globally asymptotically stable.
(Hy). GX,Y) =AY —G(X,Y), G(X,Y) =0 for (X,Y) € Q.

where A = DyG (U, 0) is a Metzler matrix (the off diagonal elements of A are non-negative) and G is the region where the
model make biologically sense.
If the model Equation(1) met the above two criteria then the following theorem holds.
Theorem 8: The point U = (X, 0) is globally asymptotically stable equilibrium provided that Ry,; < 1 and the condition (H;)
and (H,)are satisfied.
Proof: From system (1) we can get F(X,Y) and G(X,Y),
[ T+ 9R — (A + A + w)S
dX/dt =FXY) = |1 el +mH — (9 + ,u)R] d

ApS = 11lyp
ASS - rzlus
¢Iuh + lplus - r31uhs
aluh - r4lsh
ylus - rSIss
Gluhs + (plsh + TIss - rélshs
Slyp + wlg, — 1A
el +nlgs —1gH
L plyns + 0lgps + VA + xH — 19AH

ax _ [1'[ —OuS] (23)

dt|y=0

dy/dt =G(X,Y)

Consider the reduced system

From Equation (23), it is obvious that X* = [(IT/u), 0] is the global asymptotic point. This can be verified from the solution,
namely S = [I1/u] + [S(0) — (T1/u)]e ™. As t — oo, the solution (S) — [I1/u], implying that the global convergence of
Equation (23) in (). From the equation for infected compartments in the model we have:
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51— 1 0 0 pBign O 0 0 0 0 1
0 B,—1r, O 0 pBq, O 0 0 0
0] P - 0 0 0 0 0 0
a 0 0 -n 0 0 0 0 0
A= 0 Y 0 0 —T5 0 0 0 0
0 0 0 ) T -1, 0 0 0
é 0 0 W 0 0 - O 0
0 £ 0 0 n 0 0 -1 O
0 0 p 0 0 o v X  —Tol

Since A is Metzler matrix, i.e. all off diagonal elements are nonnegative. Then, G (X,Y) can be written as, G(X,Y) = AY —
G(X,Y), where

fulta+at [1=3] [ g 2
B2 (lus + qzlss) [1 - %] 63 X, Z)
G, (X,2)
=|Gs(X,2) (24)
Ge(X,Z)
G(X,Z)
Gg(X,Z)
[Go(X,2)]

S OO OO OO

It follows that, in Equation (24), G,;(X,Y) > 0,G,(X,Y) = 0,and G5(X,Y) = G,(X,Y) = Gs(X,Y) = Gc(X,Y) = G,(X,Y) =
Gg(X,Y) = Go(X,Y) = 0. Hence, G(X,Y) = 0. Therefore, condition (H;) and (H,) are satisfied and we conclude that U is
globally asymptotically stable for R, < 1.

5.6. Endemic Equilibrium Point

The endemic equilibrium denoted by(S*, Ly, Iis, Linsy Lin, Lss, Lins, A%, H®, AH*, R™) and it occur when the disease
persist in the community. To obtain it we equate all the model in Equation (1) to zero. Then we obtained;

. _ [1+9R* s _ (I+9R A}, v (I+9R*) A% « oL p+Lis x alyy, -
A+ 25+pw)’ W T (A5 (pratstp)’ U T (AL ) ety tictp)’ T URS (p+0+w) > ST (p+w+p)’ SS
v Ol +tlss . AR (T+I9RM)[6(p+w+p)+wa] . 25(@+IRN e[(T+n+e+p)+ny]
(t+n+e+p)” ShS (o+1) ’ - (A +25+ 1) (P+a+8+w) (@+w+) (v+u+E)’ - (AR +25+1) W+e+y+i+p) (THn+e+p) (Y +T+p+€)’
(AH)* POl VAT YH . kljstelis+TH
(u+) ’ @+

After substituting the variables we see that the endemic equilibrium point is very long and complicated. We have
therefore decided to use numerical simulation of the co-infection dynamics considering when Ry < 1 and Ry, > 1.

6. NUMERICAL SIMULATION

In this section, the numerical simulations of model Equations (1) are carried out using the software MATLAB R2015b with
ODE45 solver. To conduct the study, a set of physically meaningful values are assigned to the model parameters. These values
are either taken from literature or assumed on the basis of reality. Using the parameter values given in Table 4 and the initial
conditions,  S(0) = 200, L,;,(0) = 180, 1,,,(0) = 175, I,;,s(0) = 170, I, (0) = 150, I;(0) = 140, I;;,,(0) = 120,A4(0) =
60, H(0) = 50, AH(0) = 40, R(0) = 30 in the model Equations (1), a simulation study is conducted.

Table 4. Parameter values used in simulations

Parameter Value Source Parameter Value Source
I 0.004 [17] K 0.02 [18]
Ag 0.002 [18] (4 0.003 assumed
Ay 0.00197 [18] @ 0.003 assumed
U 0.02 [17] W 0.054 assumed
9 0.0031 assumed T 0.003 assumed
¢ 0.003 assumed n 0.011 [18]

a 0.003 assumed € 0.02 assumed
p 0.064 assumed o 0.017 assumed
) 0.016 [18] v 0.001 assumed
Y 0.003 assumed X 0.001 assumed
£ 0.039 assumed T 0.0041 [18]

y 0.003 assumed & 0.0001 assumed
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Figure 2 illustrated that all the solutions of model Equation (2) converge towards the disease free equilibrium point while
the susceptible individuals decreases and then remains constant. Susceptible individuals remain constant because of AIDS
cannot be cured. This was obtained when R;, < 1 and indicates that the disease free equilibrium point is locally asymptotically
stable. Figure 3 indicate that an increase or decrease in the force of infection shows an increase or decrease in the number of
infectious.

From Figure 4 we understand that all the solutions converge towards the equilibrium point. At disease free equilibrium
point, all infection solutions converge to zero while the susceptible individuals decreases and then remains constant. This
indicates that the disease free equilibrium point is locally asymptotically stable whenR; < 1. Figure 5 shows that a sharp
reduction in the number of HSV-II. An increase or decrease in the force of infection shows an increase or decrease in the
number of infectious. This indicates that the disease free equilibrium point is locally asymptotically stable when the basic
reproduction is less than one.

180 u HIV i indivi =
HIV i
160 —Individuals with AIDS

5
g_ -
Qo
=
5 4
=
ES
350 400 450 500
Time(Months)
Figure 2. Dynamics of HIV only model
780 T T T T T T T T T
—— |2Mbda=0.00192
lambda=0.03 n
— |aMbda=0.05
—|2Mbda=0.07
8 i
=
:
3
5 i
300 350 40‘0 450 500
Time(months)
Figure 3. Effect of increasing force infection on individuals with AIDS
HSV-II i i ivi -
HS V-1l i i ivie
Individuals with HSV-II .
&
H 4
2
g 4
ES

Time(months)

Figure 4. Dynamics of HIV only model
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s laMbda=0.002
— lambda=0.04

lambda=0.06 -
lambda==0.08
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Figure 5. Effect of increasing force of infection on individuals with HSV-II
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Figure 6. Dynamic of total population
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Figure 7. Dynamics of only co-infection individuals

Figure 6 describe that all the solutions of the model Equation (1) converge towards the equilibrium point. At disease free
equilibrium point, all infection solutions converge to zero while the susceptible individuals decreases and then remains
constant. Susceptible individuals remain constant because of AIDS cannot be cured. This indicates that the disease free
equilibrium point is locally asymptotically stable. From Figure 7, we understand that individuals with both unawared HIV-
HSV-II co-infection and screened HIV-HSV-II increases the number of individuals with both AIDS and HSV-II and also
decreases the number if it is controlled at early stage. Similarly, Figure 8 illustrated that individuals with AIDS and HSV-II
increases the number of individuals with both AIDS and HSV-II and also decreases the number if it is controlled at early stage.
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Figure 8. Dynamics of AIDS, HSV-II and co-infection of AIDS-HSV-II

In this study, a non-linear deterministic model of HIV-HSV-II co-infection was formulated and analyzed. The well
possedness of model equation have been performed separately for HIV, HSV-II and co-infection of HIV-HSV-II to show it
was epidemiologically acceptable and mathematically significant. The equilibria points of the model equations are obtained
for each model. The stability analysis of the model was investigated using the basic reproduction number that governs the
disease transmission. HIV only model, HSV-II only model and co-infection of HIV-HSV-II model, are locally asymptotically
stable whenever the basic reproduction number is less than unity. Also, each model equation has a unique endemic equilibrium
whenever the basic reproduction number is greater than unity. We found from the analysis of the impact of HIV on HSV-II
that HSV-II infection increases the risk of HIV; similarly, HIV infection increases the risk for HSV-II. Furthermore, results
from numerical simulation shows that at disease free equilibrium point, all infection solutions converge to zero when the basic
reproduction number is less than unity. In addition to this, an increase or decrease of force of infection has an impact on
reducing the disease from community

7. CONCLUSION

In this paper, we formulated a mathematical model on the transmission dynamics HIV-HSV-II co-infection. Moreover,
existence, positivity and boundedness for each model equation are verified to illustrate that the model is biologically
meaningful and mathematically well posed. In particular, the stability analyses of the model were investigated using the basic
reproduction number. And also, the solution of the model equation is numerically supplemented. The result shows that the co-
infection of HIV-HSV-II increases the mortality rate in the community other than co-infection of sexually transmitted disease.
Although eradication of co-infection remain a challenge especially in developing countries, but from results of this study we
recommend that, the government should introduce education programmers on the importance of voluntary and routinely
screening HIV-HSV-II co-infection.
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