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Abstract: This paper discusses the design of a consensus tracking algorithm with the practical implementation of solving 
distributed altitude and attitude tracking of multiple quadrotors. In contrast to most of the existing works that consider a leader 
agent that is non-cooperative, this paper proposes an algorithm that allows the leader agent to receive feedback from a subset 
of the followers. Firstly, the feedback linearization technique is utilized on the nonlinear quadrotor dynamics which yield a 
simple linear system. Then, the proposed consensus tracking algorithm is designed and employed to the resulting linear system 
to achieve consensus tracking on altitude and attitudes via local interaction between neighbours. Results obtained show that 
the proposed consensus tracking for a group of quadrotors can improve connectivity preservation as compared to the non-
cooperative leader in the presence of an obstacle. Based on the formulation of the controller, the methodology can be easily 
adapted to various systems such as attitude synchronization of multiple satellite systems. 
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1. INTRODUCTION 
Recent technological advances and continuous development of miniaturized low-cost communication, computation, actuation, 
and sensing devices have accelerated research on cooperative control and enable deployment of multiple agents for various 
missions which previously done by a single expensive agent. A multi-agent system comprises of multiple autonomous 
subsystems interacting with each other via a communication network. These agents can be robots, vehicles, sensors, or process 
plants that work cooperatively to achieve certain tasks. Compared to the single-agent control, the cooperative control of 
multiple agents has advantages such as larger redundancy, higher robustness, and greater fault-tolerant [1]. Due to these 
advantages, cooperative control of multi-agent systems has potential applications such as in surveillance and reconnaissance 
systems, combat, hazardous material handling, and distributed reconfigurable sensor networks [2]. 

Issues that are being investigated under cooperative control include consensus control, formation control, rendezvous, 
flocking, and containment control. Among these subjects, consensus is the fundamental problem for cooperative control where 
it concerns the ability of agents to reach a common state based on local interaction with their neighbours via a sensing or 
communication network [3]. It can be categorized into two main classes: consensus regulator problem and consensus tracking 
problem. For consensus regulator problems, distributed controllers are implemented on each agent to drive them to reach a 
common value which depends on initial conditions [4]. Although consensus regulator is useful in applications such as vehicles 
rendezvous and clock synchronization, many applications require the agents to reach consensus with external references such 
as attitude synchronization of multiple satellite system. This type of consensus is known as consensus tracking, distributed 
tracking [5], or external consensus [6]. The two main competing objectives in consensus tracking are the convergence to a 
common state, as in consensus regulator, and the convergence of the common state to its desired reference state. 

Most of the existing consensus tracking algorithms are developed by assuming the leader with zero input that generates 
the desired trajectory for the multi-agent systems [7]–[10]. This type of leader can generate signals which include step, ramp, 
and sinusoidal waveforms [11]. However, various situations require non-zero control input for the leader such as reaching a 
desirable water level in networked water tanks [6]. On the other hand, several studies assume that the control inputs or states 
of the leader are available to the followers [12]–[14]. This requirement has restricted system scalability as the communication 
bandwidth increases when the number of agents increases. In [15], consensus tracking with a non-cooperative leader was 
considered in which only followers act to achieve consensus. In [16], this algorithm has been extended for solving the formation 
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control of quadrotors. The leader, in this case, is an active leader with an underlying dynamic. Nevertheless, it is more practical 
to consider a distributed consensus tracking with a cooperative leader, as the leader takes to account the followers’ ability to 
follow its trajectory. For example, when a follower is blocked by an obstacle, the multi-agent system is less compromised due 
to the ability of the leader to get explicit feedback from the followers. In [6], consensus tracking of multiple water tanks with 
a cooperative leader is described. However, the algorithm proposed was based on transfer function dynamics which limits the 
applicability to systems that have zero initial condition and single-input-single-output case.  

One of the potential applications of the distributed consensus tracking algorithm is on cooperative control of multiple 
quadrotors. The quadrotor platform is gaining popularity among researchers due to the advantages including omnidirectional, 
simple mechanical design, and safe to interact in close proximity [17]. Compared to the single quadrotor control problem, 
cooperative control for a group of quadrotors is more challenging due to the complexity of the dynamic interaction between 
subsystems (quadrotors), on top of the nonlinear and underactuated nature of each quadrotor. A common approach in realizing 
cooperative control of multiple quadrotors is by linearizing the nonlinear quadrotor model at an operating point [14], [18]. 
However, this approach does not guarantee the stability of the quadrotors outside of the operating point. Therefore, it is more 
desirable to implement nonlinear control of the quadrotor. In [16], a nonlinear control using feedback linearization technique 
which yields a linear decoupled quadrotor model was proposed. Then, a well-established linear controller was implemented 
on the multi-agent layer. This approach decouples the stability of the multi-agent layer and the local control of individual 
vehicles. Besides, the overall control design is simplified by separating the single quadrotor design with the cooperative control 
design, as opposed to the single-layer approach using nonlinear controllers such as backstepping [19], sliding mode control 
[20], and dynamic surface control [21]. 

Motivated by the above studies, we consider a distributed consensus algorithm with a cooperative leader for altitude and 
attitude tracking of multi-agent quadrotors. The contributions of this paper are as follows: (i) we consider a leader that has a 
non-zero input and able to take explicit feedback from a subset of the followers, instead of the leader that is non-cooperative 
[15], [16] or has zero input [7]–[9], [22]. The studies in [15], [16] directly deal with the problem of present interest. However, 
their proposed algorithms restrict the active leader from acquiring information from the followers. It is found that the 
distributed consensus tracking with a cooperative leader increases the connectivity preservation in the presence of an obstacle. 
(ii) We consider the agents that represented in general state-space form instead of the transfer function representation in [6]. 
This allows the algorithm to be applied to a wide range of systems that have multi-input-multi-output (MIMO) and nonzero 
initial values including the linearized model of the nonlinear equation and the integrator dynamic as a special case. (iii) The 
proposed algorithm relaxes the requirement of the reference signal by using a series of points instead of states form as presented 
by Ren [23]. 

The rest of the paper is organized as follows. Firstly, the nonlinear dynamics of a quadrotor and feedback linearization 
control of the dynamics are described. Then, the design of a consensus tracking algorithm for the linear multi-agent system is 
presented in detail. Next, the integration of the single quadrotor control and the multi-agent control is described, followed by 
the simulation results and discussion. The conclusion of the study is presented in the final part of the paper.  

2. MODELLING AND CONTROL OF A QUADROTOR  

2.1 Quadrotor Model  
Consider the configuration of a quadrotor as shown in Figure 1, where (𝐹𝐹1,𝐹𝐹2,𝐹𝐹3,𝐹𝐹4) are the lift forces generated by the four 
rotors, while �𝑝𝑝𝑥𝑥,𝑝𝑝𝑦𝑦,𝑝𝑝𝑧𝑧� and (𝜙𝜙,𝜃𝜃,𝜓𝜓) denote the absolute position with respect to earth frame F𝑒𝑒, and orientation (roll, pitch, 
yaw) of the quadrotor, respectively. 

By considering the translational and rotational components, the nonlinear model of a quadrotor is given by [16] 
 

 
𝑝̈𝑝𝑥𝑥 =

𝑐𝑐(𝜙𝜙)𝑠𝑠(𝜃𝜃)𝑐𝑐(𝜓𝜓 ) + 𝑠𝑠(𝜙𝜙)𝑠𝑠(𝜓𝜓)
𝑀𝑀

𝑢𝑢{1} (1) 

 

 
Figure 1. Configuration of a quadrotor with the earth fixed frame 𝐹𝐹𝑒𝑒 and body fixed frame 𝐹𝐹𝑏𝑏 
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𝑝̈𝑝𝑦𝑦 =

𝑐𝑐(𝜙𝜙)𝑠𝑠(𝜃𝜃)𝑠𝑠(𝜓𝜓 ) − 𝑠𝑠(𝜙𝜙)𝑐𝑐(𝜓𝜓)
𝑀𝑀

𝑢𝑢{1} (2) 

 
𝐰̇𝐰 = f + � g𝑗𝑗𝑢𝑢{𝑗𝑗}

4

𝑗𝑗=1

,   y� = h(𝐰𝐰) ∈ ℝ𝑚𝑚 (3) 

 
where 𝐰𝐰 = �𝑝𝑝𝑧𝑧, 𝑝̇𝑝𝑧𝑧,𝜙𝜙, 𝜙̇𝜙,𝜃𝜃, 𝜃̇𝜃,𝜓𝜓, 𝜓̇𝜓�𝑇𝑇 ∈ ℝ𝑛𝑛, h(𝐰𝐰) = [ℎ1, … ,ℎ𝑚𝑚]𝑇𝑇, and  
 

f =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝑝̇𝑝𝑧𝑧
−𝑎𝑎𝑔𝑔
𝜙̇𝜙

𝜃̇𝜃𝜓̇𝜓�𝐼𝐼𝑦𝑦 − 𝐼𝐼𝑧𝑧�
𝐼𝐼𝑥𝑥
𝜃̇𝜃

𝜙̇𝜙𝜓̇𝜓(𝐼𝐼𝑧𝑧 − 𝐼𝐼𝑥𝑥)
𝐼𝐼𝑦𝑦
𝜓̇𝜓

𝜙̇𝜙𝜃̇𝜃�𝐼𝐼𝑥𝑥 − 𝐼𝐼𝑦𝑦�
𝐼𝐼𝑧𝑧 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

, g1 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

0
𝑐𝑐(𝜙𝜙)𝑐𝑐(𝜃𝜃)

𝑀𝑀
0
0
0
0
0
0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

, g2 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

0
0
0
1
𝐼𝐼𝑥𝑥
0
0
0
0 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

, g3 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

0
0
0
0
0
1
𝐼𝐼𝑦𝑦
0
0 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

, g4 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

0
0
0
0
0
0
0
1
𝐼𝐼𝑧𝑧⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 
with abbreviations 𝑠𝑠(∙) = sin(∙), 𝑐𝑐(∙) = cos(∙). Meanwhile, 𝐮𝐮 = �𝑢𝑢{1},𝑢𝑢{2},𝑢𝑢{3},𝑢𝑢{4}�𝑇𝑇, 𝐼𝐼𝜎𝜎(𝑥𝑥,𝑦𝑦, 𝑧𝑧), 𝑀𝑀 and 𝑎𝑎𝑔𝑔 are the control 
inputs of the system, the moment of inertia along each axis, the mass of quadrotor, and the gravitational acceleration, 
respectively. Notice that the quadrotor is a nonlinear system that poses a challenge in designing a control algorithm for the 
multi-agent layer. For the formulation of the consensus tracking algorithm, the quadrotor model is simplified into linear 
equations by utilizing a static feedback linearization technique. 

2.2 Feedback Linearization Control of a Quadrotor 
Feedback linearization is one of the common methods used in controlling nonlinear systems. Compared to the conventional 
linearization using the Jacobian approach that produces a linear representation of a system at an operating point only, the 
feedback linearization technique yields a linear model that is an exact representation of the original nonlinear model over a 
large set of operating points. It involves the transformation of nonlinear dynamics into an equivalent linear system via 
coordinate transformation and nonlinear state feedback. 

Let 𝐿𝐿𝑔𝑔𝑘𝑘ℎ𝑗𝑗 denotes the k-th Lie derivative of ℎ𝑗𝑗 along 𝑔𝑔, and 𝑟𝑟{𝑗𝑗} (𝑗𝑗 = 1, … ,𝑚𝑚) is the relative degree of j-th output. The 
objective of the feedback linearization control in this paper to represent the nonlinear quadrotor dynamics into differential 
equations given as 
 

 y� = 𝛼𝛼(𝐰𝐰) + 𝛽𝛽(𝐰𝐰)𝐮𝐮 (4) 
 

where 
 

𝛼𝛼(𝐰𝐰) = �
𝐿𝐿𝑓𝑓𝑟𝑟

{1}
ℎ1
⋮

𝐿𝐿𝑓𝑓𝑟𝑟
{4}
ℎ4
� (5) 

 
 

 
𝛽𝛽(𝐰𝐰) = �

𝐿𝐿𝑔𝑔1𝐿𝐿𝑓𝑓
𝑟𝑟{1}

ℎ1(𝐰𝐰) ⋯ 𝐿𝐿𝑔𝑔𝑚𝑚𝐿𝐿𝑓𝑓
𝑟𝑟{1}−1ℎ1(𝐰𝐰)

⋮ ⋱ ⋮
𝐿𝐿𝑔𝑔1𝐿𝐿𝑓𝑓

𝑟𝑟{𝑚𝑚}
ℎ𝑚𝑚(𝐰𝐰) ⋯ 𝐿𝐿𝑔𝑔𝑚𝑚𝐿𝐿𝑓𝑓

𝑟𝑟{𝑚𝑚}−1ℎ𝑚𝑚(𝐰𝐰)
� (6) 

and y� is a vector including the output derivatives. 
Lemma 1: [16] If the relative degrees 𝑟𝑟{𝑘𝑘} that satisfy ∑ 𝑟𝑟{𝑘𝑘}𝑚𝑚

𝑘𝑘=1 = 𝑛𝑛 and 𝛽𝛽(𝐰𝐰) is non-singular, then the system (3) can be 
transformed into an equivalent linear system using the following control law. 
 

 𝐮𝐮 = 𝛽𝛽−1(−𝛼𝛼 + 𝐯𝐯) (7) 
 
where 𝐯𝐯 = �𝑣𝑣{1}, … , 𝑣𝑣{𝑚𝑚}�𝑇𝑇 is the control input vector for the resulting linear system. By choosing the output y� = [𝑝𝑝𝑧𝑧,𝜙𝜙,𝜃𝜃,𝜓𝜓]𝑇𝑇, 
the relative degrees of the output are 𝑟𝑟{1} = 𝑟𝑟{2} = 𝑟𝑟{3} = 𝑟𝑟{4} = 2, thus satisfying ∑ 𝑟𝑟{𝑘𝑘}4

𝑘𝑘=1 = 𝑛𝑛. On the other hand, matrix 
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𝛽𝛽(𝐰𝐰) is given as 
 

𝛽𝛽(𝐰𝐰) =

⎣
⎢
⎢
⎡𝑐𝑐

(𝜙𝜙)𝑐𝑐(𝜃𝜃) 𝑀𝑀⁄ 0 0 0
0 1 𝐼𝐼𝑥𝑥⁄ 0 0
0 0 1 𝐼𝐼𝑦𝑦⁄ 0
0 0 0 1 𝐼𝐼𝑧𝑧⁄ ⎦

⎥
⎥
⎤
 

 
which is non-singular during the normal operation of the quadrotor, (i.e. |𝜙𝜙|, |𝜃𝜃| < 45o). Based on Lemma 1, the dynamics in 
Equation (3) can be transformed into an equivalent linear system using Equation (7), given by 
 

 
𝑢𝑢{1} =

𝑀𝑀�𝑣𝑣{1} + 𝑎𝑎𝑔𝑔�
𝑐𝑐(𝜙𝜙)𝑐𝑐(𝜃𝜃)  (8) 

 𝑢𝑢{2} = 𝐼𝐼𝑥𝑥𝑣𝑣{2} − 𝜃̇𝜃𝜓̇𝜓�𝐼𝐼𝑦𝑦 − 𝐼𝐼𝑧𝑧� (9) 

 𝑢𝑢{3} = 𝐼𝐼𝑦𝑦𝑣𝑣{3} − 𝜙̇𝜙𝜓̇𝜓(𝐼𝐼𝑧𝑧 − 𝐼𝐼𝑥𝑥) (10) 
 𝑢𝑢{4} = 𝐼𝐼𝑧𝑧𝑣𝑣{4} − 𝜙̇𝜙𝜃̇𝜃�𝐼𝐼𝑥𝑥 − 𝐼𝐼𝑦𝑦� (11) 

 
Figure 2 shows the block diagram for the configuration of feedback linearization and quadrotor dynamics. Finally, the 
equivalent quadrotor’s altitude and attitude dynamics can be written as 
 

 𝑝̈𝑝𝑧𝑧 = 𝑣𝑣{1} (12) 
 𝜙̈𝜙 = 𝑣𝑣{2} (13) 
 𝜃̈𝜃 = 𝑣𝑣{3} (14) 
 𝜓̈𝜓 = 𝑣𝑣{4} (15) 

 
Using the feedback linearization technique, each quadrotor can now be treated as a linear decoupled sub-system. This allows 
the implementation of a linear consensus tracking algorithm on each input-output channel in the multi-agent layer. 

3. CONSENSUS TRACKING OF MULTI-AGENT SYSTEM WITH A COOPERATIVE LEADER  

3.1 Problem Formulation 
Consider 𝑁𝑁 identical agents modelled by the following linear dynamics. 
 

 ẋ𝑖𝑖 = A𝑖𝑖x𝑖𝑖 + B𝑖𝑖𝑣𝑣𝑖𝑖 ,    𝑦𝑦𝑖𝑖 = C𝑖𝑖x𝑖𝑖 ,    𝑖𝑖 = 1,2, … ,𝑁𝑁 (16) 
 
where x𝑖𝑖 ∈ ℝ𝑛𝑛, 𝑣𝑣𝑖𝑖 ∈ ℝ𝑝𝑝 and 𝑦𝑦𝑖𝑖 are the state vector, control input and measured output of agent 𝑖𝑖 respectively. Meanwhile A𝑖𝑖 ∈
ℝ𝑛𝑛×𝑛𝑛, B𝑖𝑖 ∈ ℝ𝑛𝑛×𝑝𝑝, C𝑖𝑖 ∈ ℝ𝑞𝑞×𝑛𝑛 are constant matrices. As the objective of this paper is for the altitude/attitude tracking of multiple 
quadrotors, x𝑖𝑖 may represent the altitude and its rate, or attitudes with their angular rates, while 𝑣𝑣𝑖𝑖 correspond to 𝑣𝑣{1},𝑣𝑣{2},𝑣𝑣{3} 
or 𝑣𝑣{4} in Equations (12) - (15) of the 𝑖𝑖-th quadrotor. Details of the implementation will be presented in the next section. 

Without loss of generality, let the agent that receives an external reference signal, 𝑟𝑟(𝑡𝑡) be the leader and assigned as 𝑖𝑖 =
 1, while all other agents are followers. It is also assumed that the leader is active, which implies that its state keeps changing 
throughout the entire process. The leader’s dynamics are identical to the followers’ except that the input 𝑣𝑣1 is subjected to a 
subset of followers’ states and an external reference signal 𝑟𝑟(𝑡𝑡). Let x = [x1𝑇𝑇 , x2𝑇𝑇, … , x𝑁𝑁𝑇𝑇 ]𝑇𝑇 and v = [𝑣𝑣1, 𝑣𝑣2, … , 𝑣𝑣𝑁𝑁]𝑇𝑇, then the 
dynamics for 𝑁𝑁 agents can be written collectively using Kronecker product ⨂ given by 

 
 ẋ = (I𝑁𝑁⨂A𝑖𝑖)x + (I𝑁𝑁⨂B𝑖𝑖)v ∈ ℝ𝑁𝑁.𝑛𝑛 (17) 

 

 
Figure 2. Configuration for the feedback linearization technique of nonlinear quadrotor model 
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with I𝑁𝑁 denotes the 𝑁𝑁 × 𝑁𝑁 identity matrix. The interaction between agents is represented by a graph 𝒢𝒢 that has a spanning tree. 
In other words, there is a directed path from the root node, which is the external reference signal, 𝑟𝑟(𝑡𝑡) to every agent. It is 
assumed that only a subset of the followers can observe the leader’s states (e.g. position and orientation). This is practical in 
situations where the interaction between agents is limited by communication range and sensing ability. 

This paper considers a cooperative leader where the leader also takes account of the followers’ ability to follow its 
trajectory. Under this consideration, the interaction between agents and the external reference signal 𝑟𝑟(𝑡𝑡) can be represented 
using the following so-called cooperative-leader matrix: 
 

 H = L + Q ∈ ℝ𝑁𝑁×𝑁𝑁 (18) 
 
where L is the Laplacian matrix which defines the communication topologies between agents and Q =  diag(𝑞𝑞1,𝑞𝑞2, … , 𝑞𝑞𝑁𝑁) is 
the diagonal matrix of gains which describes the connection between the external reference signal 𝑟𝑟(𝑡𝑡) with the leader node. 
A brief overview of the Laplacian matrix is given in the appendix. If the node has access to the external reference, then 𝑞𝑞𝑖𝑖 > 0, 
else 𝑞𝑞𝑖𝑖 = 0. It is also assumed that only one leader exists in the group which is agent 𝑖𝑖 =  1. Under this assumption, Q is given 
as 
 

 
Q = �

1 0 ⋯ 0
0 0 ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 0

� (19) 

 
Lemma 2: [11] If the graph 𝒢𝒢 contains a spanning tree with the root node being the reference signal r(t), the cooperative-leader 
matrix H is non-singular and all its eigenvalues are in the open right-half plane. 

3.2 Design of Consensus Tracking Algorithm with a Cooperative Leader 
To ensure the states of the agents achieve consensus and converge to the given external reference input 𝑟𝑟(𝑡𝑡) simultaneously, 
a local distributed controller is proposed given as 
 

 

𝑣𝑣𝑖𝑖 =

⎩
⎪
⎨

⎪
⎧−𝐾𝐾�𝑎𝑎𝑖𝑖𝑖𝑖x𝑖𝑖𝑖𝑖

𝑁𝑁

𝑗𝑗=2

+ 𝐹𝐹𝜉𝜉𝑖𝑖 + 𝜀𝜀 𝑖𝑖 = 1              

−𝐾𝐾�𝑎𝑎𝑖𝑖𝑖𝑖x𝑖𝑖𝑖𝑖

𝑁𝑁

𝑗𝑗=1

+ 𝐹𝐹𝜉𝜉𝑖𝑖 𝑖𝑖 = 2,3, … ,𝑁𝑁

 (20) 

 
Here, x𝑖𝑖𝑖𝑖 = x𝑖𝑖 − x𝑗𝑗 and 𝜀𝜀 = 𝐺𝐺𝐺𝐺 − Kx𝑖𝑖, where K = [𝐾𝐾1,𝐾𝐾2, … ,𝐾𝐾𝑁𝑁] is a constant feedback gain vector, while 𝐺𝐺 and 𝐹𝐹 are 
constant gain to be designed. 𝜉𝜉𝑖𝑖 is the integral of the tracking error given as 
 

 

𝜉𝜉𝑖𝑖 =

⎩
⎪⎪
⎨

⎪⎪
⎧
−� ��𝑎𝑎𝑖𝑖𝑖𝑖𝑦𝑦𝑖𝑖𝑖𝑖

𝑁𝑁

𝑗𝑗=2

+ 𝑦𝑦𝑖𝑖𝑖𝑖�𝑑𝑑𝑑𝑑
𝑡𝑡

0
𝑖𝑖 = 1              

−� ��𝑎𝑎𝑖𝑖𝑖𝑖𝑦𝑦𝑖𝑖𝑖𝑖

𝑁𝑁

𝑗𝑗=1

�𝑑𝑑𝑑𝑑
𝑡𝑡

0
𝑖𝑖 = 2,3, … ,𝑁𝑁

 (21) 

 
where 𝑦𝑦𝑖𝑖𝑖𝑖 = 𝑦𝑦𝑖𝑖 − 𝑦𝑦𝑗𝑗 and 𝑦𝑦𝑖𝑖𝑖𝑖 = 𝑦𝑦𝑖𝑖 − 𝑟𝑟(𝑡𝑡). If the quadrotor 𝑖𝑖 receives the state of neighboring quadrotor 𝑗𝑗, then 𝑎𝑎𝑖𝑖𝑖𝑖  =  1, 
otherwise 𝑎𝑎𝑖𝑖𝑖𝑖  =  0. The integral terms for the output error between agents in Equation (21) are added to ensure the multi-agent 
system achieves zero steady-state consensus, or lim

𝑡𝑡→∞
�𝑦𝑦𝑖𝑖(𝑡𝑡) − 𝑦𝑦𝑗𝑗(𝑡𝑡)� = 0. Notice that the leader (𝑖𝑖 =  1) is also influenced by 

the error between its output and the reference signal 𝑟𝑟(𝑡𝑡). This guarantees that the leader converges to the desired consensus 
value 𝑟𝑟(𝑡𝑡), or lim

𝑡𝑡→∞
�𝑦𝑦𝑖𝑖(𝑡𝑡) − 𝑟𝑟(𝑡𝑡)� = 0. By noting that 𝑦𝑦𝑖𝑖 = C𝑖𝑖x𝑖𝑖, Equation (20) can be written collectively as 

 
 

v = −(I𝑁𝑁⨂K)(H⨂I𝑛𝑛)x + 𝐺𝐺[1,𝟎𝟎]𝑇𝑇𝑟𝑟 − 𝐹𝐹� (I𝑁𝑁⨂C𝑖𝑖)(H⨂I𝑛𝑛)x − [1,𝟎𝟎]𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟
𝑡𝑡

0
 

= −(H⨂K)x + 𝐺𝐺[1,𝟎𝟎]𝑇𝑇𝑟𝑟 − 𝐹𝐹� (H⨂C𝑖𝑖)x − [1,𝟎𝟎]𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟
𝑡𝑡

0
 

(22) 

where I𝑛𝑛 denotes the 𝑛𝑛 × 𝑛𝑛 identity matrix, and 𝟎𝟎 denotes a zero matrix with an appropriate dimension. Let 𝝃𝝃 = [𝜉𝜉1, 𝜉𝜉2, … , 𝜉𝜉𝑁𝑁]𝑇𝑇, 
X = [𝑥𝑥𝑇𝑇 , 𝝃𝝃𝑇𝑇]𝑇𝑇 ∈ ℝ𝑁𝑁.𝑛𝑛+𝑁𝑁, p1 = 𝐺𝐺[𝐵𝐵1𝑇𝑇,𝟎𝟎]𝑇𝑇 ∈ ℝ𝑁𝑁.𝑛𝑛 and p2 = [1,𝟎𝟎]𝑇𝑇 ∈ ℝ𝑁𝑁, then the augmented representation for the closed-
loop multi-agent system by substituting Equation (22) into Equation (17) yields 
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 X = �
m11 m12
m21 𝟎𝟎 �X + �

p1
p2� 𝑟𝑟 

= MX + P𝑟𝑟 ∈ ℝ𝑁𝑁.𝑛𝑛+𝑁𝑁 
(23) 

 
where 
 

m11 = I𝑁𝑁⨂A𝑖𝑖 − (H⨂B𝑖𝑖K) 
m12 = 𝐹𝐹(I𝑁𝑁⨂B𝑖𝑖) 
m21 = −(H⨂C𝑖𝑖) 

 
Proposition 1: Let 𝜆𝜆𝑖𝑖 (𝑖𝑖 = 1,2, … ,𝑁𝑁) be the eigenvalues of H. Then, the system in Equation (23) is asymptotically stable and 
achieve consensus tracking if and only if all the matrices 
 

 �A𝑖𝑖 − 𝜆𝜆𝑖𝑖B𝑖𝑖K 𝐹𝐹B𝑖𝑖
−𝜆𝜆𝑖𝑖C𝑖𝑖 0 � ∈ ℝ𝑛𝑛×𝑛𝑛, 𝑖𝑖 = 1,2, … ,𝑁𝑁 (24) 

 
are asymptotically stable. 
Proof: There exists a non-singular matrix 𝜛𝜛 ∈ ℝ𝑁𝑁×𝑁𝑁, such that 
 

 

S = 𝜛𝜛−1H𝜛𝜛 = �

𝜆𝜆1 0 ⋯ 0
0 𝜆𝜆2 ⋱ ⋮
⋮ ⋱ ⋱ 0
0 ⋯ 0 𝜆𝜆𝑁𝑁

� (25) 

 
Similarity transformation of M is given as 
 

 M� = 𝜛𝜛�−1M𝜛𝜛�  

= �I𝑁𝑁⨂A𝑖𝑖 − (S⨂B𝑖𝑖K) 𝐹𝐹(I𝑁𝑁⨂B𝑖𝑖)
−(S⨂C𝑖𝑖) 𝟎𝟎 � (26) 

 
with 
 

𝜛𝜛� = �𝜛𝜛⨂I𝑁𝑁 𝟎𝟎
𝟎𝟎 𝜛𝜛⨂I𝑛𝑛

� 

 
Notice that the entries of M�  consists of diagonal sub-matrices. Under this condition, eigenvalues of M�  are the union sets of 
eigenvalues for the following matrix 
 

 M�𝑖𝑖 = �A𝑖𝑖 − 𝜆𝜆𝑖𝑖B𝑖𝑖K 𝐹𝐹B𝑖𝑖
−𝜆𝜆𝑖𝑖C𝑖𝑖 0 � (27) 

 
M�  is Hurwitz if and only if all M� 𝑖𝑖 in Equation (27) are Hurwitz. Hence under this condition, M is Hurwitz as the eigenvalues 
of M and M�  are equal. By Lemma 2, if the graph 𝒢𝒢 has a spanning tree with the reference signal 𝑟𝑟(𝑡𝑡) as the root node, then all 
eigenvalues 𝜆𝜆𝑖𝑖 of H have positive real parts. Thus, a proper design of gains (𝐹𝐹 and K) to satisfy condition in Equation (24) 
guarantees the consensus among agents and reference tracking of the leader. This completes the proof. ∎ 

Value of the gains which make M� 𝑖𝑖 in Equation (27) Hurwitz for all 𝑖𝑖 can be obtained by considering the smallest real 
eigenvalue, min

𝑖𝑖=1,…,𝑁𝑁
Re(𝜆𝜆𝑖𝑖). For example, the gains can be obtained by using a simple pole placement method given as 

 
 

(𝑠𝑠 − 𝜇𝜇1)(𝑠𝑠 − 𝜇𝜇2)⋯ (𝑠𝑠 − 𝜇𝜇𝑛𝑛+1) = det�𝑠𝑠I𝑛𝑛+1 − �
A𝑖𝑖 − min

𝑖𝑖=1,…,𝑁𝑁
Re(𝜆𝜆𝑖𝑖) B𝑖𝑖K 𝐹𝐹B𝑖𝑖

min
𝑖𝑖=1,…,𝑁𝑁

Re(𝜆𝜆𝑖𝑖) C𝑖𝑖 𝟎𝟎 �� (28) 

 
with 𝜇𝜇1, … , 𝜇𝜇𝑛𝑛+1 are the desired pole locations, while I𝑛𝑛+1 ∈ ℝ(𝑛𝑛+1)×(𝑛𝑛+1) is an identity matrix. The values of gains (𝐹𝐹 and K) 
are obtained by equating the like powers on both sides. 

4. CONSENSUS TRACKING OF MULTIPLE QUADROTORS  
This section describes the implementation of altitude and attitude tracking of multiple quadrotors using the proposed consensus 
tracking algorithm and the linearized quadrotor model. Firstly, the linear decoupled system in Equations (12) - (15) are 
rewritten, respectively, in state-space form as  
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 𝑝̇̅𝑝𝑧𝑧𝑖𝑖 = A𝑖𝑖𝑝̅𝑝𝑧𝑧𝑖𝑖 + B𝑖𝑖𝑣𝑣𝑖𝑖
{1} (29) 

 𝜙𝜙�̇𝑖𝑖 = A𝑖𝑖𝜙𝜙�𝑖𝑖 + B𝑖𝑖𝑣𝑣𝑖𝑖
{2} (30) 

 𝜃̇̅𝜃𝑖𝑖 = A𝑖𝑖𝜃̅𝜃𝑖𝑖 + B𝑖𝑖𝑣𝑣𝑖𝑖
{3} (31) 

 𝜓𝜓�̇𝑖𝑖 = A𝑖𝑖𝜓𝜓�𝑖𝑖 + B𝑖𝑖𝑣𝑣𝑖𝑖
{4} (32) 

 
with 𝑝̅𝑝𝑧𝑧𝑖𝑖 = �𝑝𝑝𝑧𝑧𝑖𝑖 , 𝑝̇𝑝𝑧𝑧𝑖𝑖�

𝑇𝑇
, 𝜙𝜙�𝑖𝑖 = �𝜙𝜙𝑖𝑖 , 𝜙̇𝜙𝑖𝑖�

𝑇𝑇
, 𝜃̅𝜃𝑖𝑖 = �𝜃𝜃𝑖𝑖 , 𝜃̇𝜃𝑖𝑖�

𝑇𝑇
, 𝜓𝜓�𝑖𝑖 = �𝜓𝜓𝑖𝑖 , 𝜓̇𝜓𝑖𝑖�

𝑇𝑇
, A𝑖𝑖 = [0 1; 0 0] and B𝑖𝑖 = [0 1]𝑇𝑇. Note that the subscript 

𝑖𝑖 is added to indicate that the quantities are associated with 𝑖𝑖-th quadrotor. The control inputs 𝑣𝑣𝑖𝑖
{𝑗𝑗} (𝑗𝑗 = 1, … ,4) is obtained 

using Equation (20), which can be written collectively as in Equation (22) given as 
 

 
V{1} = −(H ⊗ K)p�𝑧𝑧 + 𝐺𝐺[1,𝟎𝟎]𝑇𝑇𝑟𝑟𝑧𝑧 − 𝐹𝐹� (H⨂C𝑖𝑖)𝑝𝑝�𝑧𝑧 − [1,𝟎𝟎]𝑇𝑇𝑟𝑟𝑧𝑧𝑑𝑑𝑑𝑑

𝑡𝑡

0
 (33) 

 
V{2} = −(H ⊗ K)𝜙𝜙� + 𝐺𝐺[1,𝟎𝟎]𝑇𝑇𝑟𝑟𝜙𝜙 − 𝐹𝐹� (H⨂C𝑖𝑖)𝜙𝜙� − [1,𝟎𝟎]𝑇𝑇𝑟𝑟𝜙𝜙𝑑𝑑𝑑𝑑

𝑡𝑡

0
 (34) 

 
V{3} = −(H ⊗ K)𝜃𝜃� + 𝐺𝐺[1,𝟎𝟎]𝑇𝑇𝑟𝑟𝜃𝜃 − 𝐹𝐹� (H⨂C𝑖𝑖)𝜃𝜃� − [1,𝟎𝟎]𝑇𝑇𝑟𝑟𝜃𝜃𝑑𝑑𝑑𝑑

𝑡𝑡

0
 (35) 

 
V{4} = −(H ⊗ K)𝜓𝜓� + 𝐺𝐺[1,𝟎𝟎]𝑇𝑇𝑟𝑟𝜓𝜓 − 𝐹𝐹� (H⨂C𝑖𝑖)𝜓𝜓� − [1,𝟎𝟎]𝑇𝑇𝑟𝑟𝜓𝜓𝑑𝑑𝑑𝑑

𝑡𝑡

0
 (36) 

 

with V{1} = �𝑣𝑣1
{1},𝑣𝑣2

{1}, … , 𝑣𝑣4
{1}�

𝑇𝑇
, V{2} = �𝑣𝑣1

{2},𝑣𝑣2
{2}, … , 𝑣𝑣4

{2}�
𝑇𝑇
, V{3} = �𝑣𝑣1

{3},𝑣𝑣2
{3}, … , 𝑣𝑣4

{3}�
𝑇𝑇
, V{4} = �𝑣𝑣1

{4},𝑣𝑣2
{4}, … , 𝑣𝑣4

{4}�
𝑇𝑇
, 𝑝𝑝�𝑧𝑧 =

�𝑝̅𝑝𝑧𝑧1
𝑇𝑇 , 𝑝̅𝑝𝑧𝑧2

𝑇𝑇 , … , 𝑝̅𝑝𝑧𝑧𝑁𝑁
𝑇𝑇 �𝑇𝑇, 𝜙𝜙� = [𝜙𝜙�1𝑇𝑇 ,𝜙𝜙�2𝑇𝑇 , … ,𝜙𝜙�𝑁𝑁𝑇𝑇 ]𝑇𝑇, 𝜃𝜃� = [𝜃̅𝜃1𝑇𝑇 , 𝜃̅𝜃2𝑇𝑇 , … , 𝜃̅𝜃𝑁𝑁𝑇𝑇]𝑇𝑇, and  𝜓𝜓� = [𝜓𝜓�1𝑇𝑇 ,𝜓𝜓�2𝑇𝑇 , … ,𝜓𝜓�𝑁𝑁𝑇𝑇 ]𝑇𝑇. The desired altitude and attitude 

(roll, pitch, yaw) are given respectively as 𝑟𝑟𝑧𝑧, 𝑟𝑟𝜙𝜙, 𝑟𝑟𝜃𝜃 and 𝑟𝑟𝜓𝜓. Then, the value of gains K and 𝐹𝐹 can be obtained by using Equation 
(28) where C𝑖𝑖 = [1 0], and 𝐺𝐺 =  𝐾𝐾1. The overall block diagram developed for the simulation of multi-agent quadrotors is 
depicted in Figure 3. 
 
 

 
Figure 3. Block diagram for consensus tracking of multiple quadrotors 
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5. SIMULATION RESULTS AND DISCUSSION 
In this section, we consider the altitude and attitude tracking problem of a five-quadrotor system to demonstrate the capability 
of the proposed consensus tracking algorithm. The quadrotor parameters are M =  0.6 kg, 𝐼𝐼𝑥𝑥 =  𝐼𝐼𝑦𝑦  =  0.005796kg. ms2, 𝐼𝐼𝑧𝑧 =
0.010296kg. ms2, and 𝑎𝑎𝑔𝑔 = 9.81ms−2 [16]. Suppose that the local interaction topologies between quadrotors are illustrated 
in Figure 4, where only the leader (𝑖𝑖 =  1) has access to the desired reference signal 𝑟𝑟(𝑡𝑡). The incoming edges indicate that 
the quadrotors receive information (state) from the neighboring quadrotors. The difference between the two interaction 
topologies is emphasized in the dotted rectangle. Figure 4(a) corresponds to the interaction topology with a non-cooperative 
leader (no information flow from the followers to the leader), while Figure 4(b) correspond to the proposed cooperative leader 
(information flow from a subset of the followers to the leader exists). The cooperative-leader matrix H of the interaction 
topologies in Figure 4 (a) and (b) are given respectively as 
 

 

H(𝑎𝑎) =

⎣
⎢
⎢
⎢
⎡

1 0 0 0 0
−1 2 −1 0 0
0 −1 2 −1 0
0 0 −1 2 −1
0 0 0 −1 1 ⎦

⎥
⎥
⎥
⎤
 

H(𝑏𝑏) =

⎣
⎢
⎢
⎢
⎡

2 −1 0 0 0
−1 2 −1 0 0
0 −1 2 −1 0
0 0 −1 2 −1
0 0 0 −1 1 ⎦

⎥
⎥
⎥
⎤
 

(37) 

 
 

Using the pole assignment method, the values of gains (K, 𝐹𝐹, and 𝐺𝐺) that give the desired poles as in Equation (28) with 
the interaction topology in Figure 4(b) at 𝜇𝜇1 = −0.0785 + 0.3938𝑖𝑖, 𝜇𝜇2 = −0.0785 − 0.3938𝑖𝑖 and 𝜇𝜇3 = −0.0050 where 
min

𝑖𝑖=1,…,𝑁𝑁
Re(𝜆𝜆𝑖𝑖) = 0.0810 are 𝐹𝐹 = 0.01, K = [2 2] and 𝐺𝐺 = 2. We solve the consensus tracking problem by utilizing the 

proposed algorithm and present the following simulation results under different cases: Case 1 (without obstacle) and Case 2 
(with an obstacle). 
 
Case 1: Figure 5 - Figure 8 show the simulation results of the altitude and attitude tracking control of five quadrotors in the 
absence of obstacle with the interaction topology H(𝑏𝑏). The quadrotors are required to track different types of reference signals 
that are known only to the leader. Having different initial altitudes and attitudes, it can be seen from the figures that the 
quadrotors can track the reference signal via local communication exchange using the proposed consensus tracking algorithm 
in Equation (20). A similar result is obtained using the interaction topology H(𝑎𝑎).  
 

 
Figure 4. Interaction topologies between quadrotors with (a) non-cooperative leader, and (b) cooperative leader 
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Figure 5. Altitude (p𝑧𝑧) tracking of multiple quadrotors 
 

 
Figure 6. Attitude (𝜙𝜙) tracking of multiple quadrotors 

 

 
Figure 7. Attitude (𝜃𝜃) tracking of multiple quadrotors 

 
 

 
Figure 8. Attitude (𝜓𝜓) tracking of multiple quadrotors 

 
Case 2: Figure 9 and Figure 10 show the altitudes of quadrotor 𝑖𝑖 at 𝑡𝑡 ∈ {0,20,40,60,80,100,120,140,160}𝑠𝑠 in the presence of 
a virtual obstacle with the interaction topologies given in H(𝑎𝑎) and H(𝑏𝑏), respectively. As a benchmark, the algorithm proposed 
in [15] with interaction topology H(𝑎𝑎) is adopted for the consensus tracking shown in Figure 9 which does not allow the leader 
to take explicit feedback from the followers (non-cooperative leader). On the other hand, Figure 10 shows the altitude tracking 
using our proposed algorithm in Equation (20) that allows the leader to cooperate with the follower(s) with the interaction 
topology H(𝑏𝑏).  
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The leader quadrotor (𝑖𝑖 =  1) receives an external reference signal given as 𝑟𝑟𝑧𝑧(𝑡𝑡)  =  0.5𝑡𝑡. Suppose that the maximum 
communication range between quadrotors is four meters. If the quadrotors are separated by more than the maximum range, 
then the communication between quadrotors is disconnected. It is assumed that quadrotor five encountered a virtual obstacle 
at 𝑡𝑡 ∈ [50, 85]𝑠𝑠. To simulate the virtual obstacle effect, the state derivative of the quadrotor is forced to zero (𝑝̇𝑝𝑧𝑧5 = 𝑝̈𝑝𝑧𝑧5 = 0) 
between the period. With the interaction topology H(𝑎𝑎) and the algorithm proposed in [15], Figure 9 shows that quadrotors 
𝑖𝑖 = 2,3,4 are slowed down by quadrotor five that encountered the obstacle at 𝑡𝑡 ∈ [50, 85]𝑠𝑠. Since the leader quadrotor (𝑖𝑖 =
 1) is non-cooperative and receives no feedback from the followers, it continued tracking the reference signal, 𝑟𝑟𝑧𝑧(𝑡𝑡) and causes 
a large separation between the quadrotors which eventually disconnect the communication between quadrotor four and five as 
shown starting from 𝑡𝑡 =  80𝑠𝑠. 

On the other hand, Figure 10 shows that quadrotor 𝑖𝑖 =  2, 3,4 are also slowed down by the quadrotor five due to the 
obstacle at 𝑡𝑡 ∈ [50, 85]𝑠𝑠. Owing to the ability to take feedback from the follower (quadrotor 𝑖𝑖 =  2) as shown in Figure 4 (b), 
the leader quadrotor (𝑖𝑖 =  1) is also slowed down and kept the separation under the maximum communication range. Thus, 
the interactions between the quadrotors are preserved as shown at 𝑡𝑡 =  80𝑠𝑠 and allow the quadrotor 𝑖𝑖 =  2, 3,4  to catch up 
the leader after the obstacle is gone as illustrated at 𝑡𝑡 ∈ {100,120,140,160}𝑠𝑠. This shows that having a leader that able to take 
feedback from the followers is useful as it can preserve the communication connection better than the non-cooperative leader 
type. 

 

 
Figure 9. Altitude tracking of quadrotor 𝑖𝑖 in the presence of an obstacle using the interaction topology H(𝑎𝑎) and consensus 

tracking algorithm proposed by [15] 
 
 

 
Figure 10. Altitude tracking of quadrotor 𝑖𝑖 in the presence of an obstacle using the interaction topology H(𝑏𝑏) and our 

proposed consensus tracking algorithm in Equation (20) 
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6. CONCLUSION 
In this paper, a distributed consensus tracking algorithm is proposed with application to altitude/attitude tracking of multi-
agent quadrotors. The nonlinear mathematical model of the quadrotor is presented and linearized using feedback linearization 
technique which yields linear decoupled equations. Then, the proposed linear consensus tracking algorithm with a cooperative 
leader is described. The main contribution of this paper is on the derivation of consensus tracking algorithm with a leader that 
has a non-zero input and able to take explicit feedback from a subset of the followers, instead of the leader that is non-
cooperative. From the simulation results, it can be concluded that having a cooperative leader improves the connectivity 
preservation of a multiagent system towards obstacles as compared to the non-cooperative leader. The proposed algorithm 
serves as the fundamental concept for distributed cooperative control before the extension to the formation control of multi-
agent vehicles. Future research directions include the consideration of practical issues such as network delays, time-varying 
interaction topology, communication failure, and change of leaders.  
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APPENDIX 

Local interaction between agents using Graph Theory 
The interactions between 𝑁𝑁 agents in a network can be represented using a simple graph 𝒢𝒢. Agent 𝑖𝑖 (𝑖𝑖 = 1,2, … ,𝑁𝑁) is 
connected to the neighbouring agent 𝑗𝑗 (𝑗𝑗 ≠  𝑖𝑖) by edges. The set of neighbouring agents that connects with agent 𝑖𝑖 which are 
represented by incoming edges is denoted by 𝒩𝒩𝑖𝑖. A commonly used mathematical tool in graph theory is the Laplacian matrix 
L defined as 
 

L = �𝑙𝑙𝑖𝑖𝑖𝑖�𝑁𝑁×𝑁𝑁
,   𝑙𝑙𝑖𝑖𝑖𝑖 = �

|𝒩𝒩𝑖𝑖| for 𝑖𝑖 = 𝑗𝑗   
−1 for 𝑗𝑗 ∈ 𝒩𝒩𝑖𝑖
0 Others     

 

 
More descriptive explanation on graph theory concepts that are essential in the study of the multi-agent system can be found 
in the book by [11]. 
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