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Abstract: The vibration analysis of a jib crane was investigated using the method of vibration analysis of frame structures.
This approach is theoretically based in order to derive the governing equations of vibration for the system. The jib crane was
treated as a frame structure with the mast and jib taken as independent frame structures. The resulting frame structures were
then treated as beams that conform to Euler-Bernoulli beams in order to analyse their vibration properties. Amplitude of
vibration, the first three natural frequencies as well as the first three mode shapes were calculate using this approach as well
as the response of the system. The theoretical approach was derived to accommodate all standard sets of natural frequencies
and mode shapes of the jib crane from the established boundary conditions. This was developed by an assumed mode method
and incorporated a single mode expansion for the developed system. The effect of the load carried by the jib crane was taking
into consideration which constitutes a harmonic force on the jib with addition of moment of this force to the mast. The resulting
theoretical general equations from the single mode approach were then used to evaluate the vibration parameters of the jib
crane using numerical values.
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1. INTRODUCTION

Different approaches were adopted in the modelling and analysis of different type of cranes in order to investigate the vibration
parameters of such systems. The method employed in analysing such systems is crucial to the outcome of the investigation
with respect to each vibration parameter. A static, modal and harmonic analysis of a column mounted jib crane using ANASYS
software was presented in [1-2]. The study initially modelled a column mounted jib crane using CATIA and then imported the
model into ANASYS for the static analysis of the jib. Also, a nonlinear model of the jib crane considering the simultaneous
rotational motions of the boom and the post was studied. The crane nonlinear model and the developed feedback control
scheme were simulated using the data of an actual jib crane as presented in [3]. Hadzikaduni¢ et al. [4] presented a comparative
analysis of several concept solutions and selected solutions of jib cranes, respectively using the KOMIPS system and the static-
dynamic analysis of complex configuration while Ramli et al. [5] gave a comprehensive review on the control strategy for
crane system.

However, these researches were presented without analysing the background modelling and analytical approach of the
systems. Models resulting from the assumption of two methods of modelling the dynamic systems of truck crane namely,
discrete model built by applying MES, and a theoretically worked out discrete-continuous model were presented in [6]. In
addition, a theoretical work of deriving mathematical equations of vibration under certain conditions was presented in [7]. The
study analysed the natural frequency and the causes of resonance of the system. These analyses were verified experimentally
in real-time using a portable crane.

Moreover, a comparative analysis of expressions for analytical calculation of deflection of the jib was carried out [8]. The
study derived the theoretical equations then applied them to the deflection of the tip of the jib. A theoretical approach was used
in driving the vibration of Euler-Bernoulli beams in [9]. A point-loaded cantilever beam with a damped dynamic vibration
absorber attached to the beam at desired locations was modelled and derived. This is crucial for the development of analytic
solution as a basis for comparison of such systems.

In this paper, we present an application of vibration analysis of frame structures for the analysis of jib crane vibration. As
most works researched on the FEM in analysing the cranes, we will derive the theoretical background for the governing
equations of motion of a jib crane vibration. This modelling approach as motivated by Lin and Ro [10] where the frames are
taken be to continuous structures, will be used in driving the necessary vibration equations of the jib crane.

This article is distributed under a Creative Commons Attribution 4.0 License that permits any use, reproduction @ O) 71
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Figure 1. Schematic of the jib crane
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Figure 2. Transverse and longitudinal motion of the system

2. METHODOLOGY

2.1 Modelling a Jib Crane as a Frame Structure

The jig crane schematic is represented in Figure 1 with k frame and angle & 1. The jib crane is sectioned into k +1 component
at an angle position to enable it to be treated as a sub structural frame. The jib and mast with length I, and I, the position of
the frame angle is located at B. Each of the jib and mast analysed by its transverse and longitudinal motion.

The jib crane is divided into two segments with the jib and mast representing independents segments that can be treated
as beams. The X and Y axes represent the longitudinal and transverse displacements of the jib as shown in Figure 2, while
conversely for the mast, the longitudinal and transverse displacements are represented by the Y and X axes respectively. Thus,
vibration theories for Euler-Bernoulli beam and axial vibration of a rod are employed. The amplitude of vibration of the
transverse and longitudinal displacements of the jib are denoted by Y; (X, T) and Ui (X, T). The total length of the jib crane is L
= (L1 +L2). The equation of motion for each of the jib and mast with uniform cross-section, are:

Transverse motion:

4 2
EAZ WO TN g o X <X,i=12 (k+1). (1)
OX ot
Longitudinal motion:
U (x,1) U, (x,t :
E '(2 )+p '(2 )=o,xH<x<xi,|=1,2(k+1). 2

19)4

The boundary conditions at point A is W(0)=0, W’0)=0, U0)=0 and U’(0), At point C is W”(l)=0 and W”’(1)=0 and at point
B is Yz(x) = Us(x), Uz(X) = - Y1(x), Y;(x) = ¥{(x), ' (x) = 1" (x), ¥;"(x) = —U{" (%), U; (x) = ¥} ().

This compatibility conditions at point B are

Y(©O,T)=Y(LT)=0 (32)
Y'(0,T)=Y'(LT)=0 (3b)
U@ T)=U(LT)=0 (3c)
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Figure 3. (a) Displacement compatibility, (b) Force compatibility

The transverse as well as the longitudinal motions at the end of the mast before the jib angle constrain the motions of the
jib. Hence the ‘‘compatibility conditions’” ensures continuities in the transverse and'longitudinal displacement, slope, bending
moment, shear force and axial force, respectively from the mast to the jib at angle 8;. The compatibility requirements in terms
of displacement across the mast from the jib angle 6;: Y; and U; are transverse and longitudinal displacements of jib at point B
as shown in Figure 3(a) and which can be expressed as the force compatibility requirements across the jib angle 6;.: Viand F;
are shear and axial forces of the jib at point B as shown in Figure 3(b). The mast is the i-th while the jib is the i+1.

Y, (X, T)==Y,(X;,T)cosé, +U,(X,;,T)sin@ Displacement continuity (42)
U, (X, T)==Y,(X;,T)siné +U,(X;,T)cos@ Displacement continuity (4b)
Y. (X5T) =Y, (X;,T) Slope continuity (4c)
Y L. (X, T) =Y (X;,T) Moment continuity (4d)
EIY (X, T)=—EIY",(X;,T)cos6, — EIU;(X;,T)sin 6, Shear continuity (4e)
EIU (X", T)=EIY (X, ,T)sing —EIU (X, ,T)cos 6, Axial force continuity (41)

where the symbols X;* and X; refers to the mast and jib above and below the angle between the two at point B referred to as
X; respectively. The assumptions in the mentioned compatibility conditions are the same as the normal analysis of the
transverse vibrations of Euler—Bernoulli beam and the axial vibrations of a rod. The angle between the mast and jib is also
assumed to be constant during the motions of the system.

From the above, the following quantities are introduced:
L X
y=L =X D ih A ®)
L L L L L L

Thus, in each beam, Equations (1) and (2) can be expressed in a non-dimensional form as

El 0%y, (x,t) 0%y, (x,t) .

— +pA—= =0, X, <X<X.,i=12 (k+1). 6
L3 8)(4 p atz i-1 i ( ) ( )
E 0%u (x,t)  0%u (x,t) .

— + ' =0, X, <X<X,i=12 (k+1). 7
L axz p atz i-1 i ( ) ( )

The non-dimensional ‘‘compatibility conditions’” from the mast to the jib angle are (from Equations (4a) — (4f))

Yia (61 ==y, (6, t)cos ) +u; (7, )sin (8a)
Ui (1) ==Y, (6, B)sin g +u; (X, ) cos 4 (8b)
yli+l(xi+’T) = yli (%,t) (8c)
y"i+1(xi+’t) = y“i (Xi_'t) (8d)

2

Va0 =y, Deos - A

u; (% ,t)sin (8e)

04 1Y) = 507 06086, =, (1 ) cos @

where i=1,2. With the 1 standing for the mast and 2 for the jib. Similarly, the non-dimensional boundary conditions from
Equations (3a) — (3c), for point B having a fixed—fixed ends, is written as

y(0,t)=0, y(lL,t)=0 (%)
y'(0,t)=0, y'(1,t)=0 (9b)
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u(0,t)=0, u(l,t)=0 (9)

2.2 Calculation of the Eigen Solutions
The solutions of the other boundary conditions can then be obtained through a same procedure. Using the separable solutions:
Y, (x,1) =w (x)e"* and u, (x,t) = v, (x)e"" in Equations (6) and (7) will lead to the associated eigenvalue problem,

W (X) =AW (X) =0,%_, <x<X,i=12 (k+1). (10)
v (X) =70 (X)=0,%_, <x<x,i=12 (k+1). (11)
where
AL’ 0’ plo’
20 =P=P and 42 = 12
o 4 = (12)

From Equation (12), the relationship between A and y is expressed as

1 {l
=222, |—=ai? 13
/4 T\ (13)

where a=(1/ L)\/I / A is a constant. From Equations (8a) — (8f), the corresponding compatibility conditions from the mast
to the jib angle gives

W, (4) =W () 056, +U, (%, )sin (142)
b (K) = 0,6 )5in g+, ) 056 (14b)
Wli+1(xi+’T) = Wli (X;,t) (14c)
W“i+1(xi+) = W“i (X.') (14d)
WL (6) =W, (¢ )c0sg — A0, (¢ )sing (14¢)

ia(X') =20 W(X)sinG ~v, (x )cos) (149

For i=1,2..with the 1 standing for the mast and 2 for the jib, the boundary conditions, from Equations (9a) — (9c), are

w(0)=0, w(l)=0 (15a,b)
w'(0)=0, w'(l)=0 (15¢,d)
v(0)=0, o(l)=0 (15e,f)

A closed-form solution of this eigenvalue problem is obtained by employing transfer matrix methods as established in [9].
The solutions of Equations (10) and (11), for the mast and jib, are

W, (X) = A CoSA(X—X,_,) + B, sin A(x—x,_,) +C, cosh A(x—x,_,) + D, sinh A(x—x,_,) (16)
v, (X) = E cosy(x—X%_,)+Fsiny(x—x_,) =E coshal®(x—x_,)+F sinhai’(x—x_,) X, <X<X,i=12. a7)

where A,B,,C,, D, E and F, are constants associated with the ith segment (i =1,2 (k +1) ). The constants in the (i +1)th
segment A, B,, C., D, E,, and F,, are related to those in the ith segment A,B,,C,,D,,E and F through the

i+1 i+l

compatibility conditions in Equations (14a) — (14f), which can be expressed as

A, (A A
Bi| [tuty ty by ts te]|B B,
Cou| _|! Cl_ JG 18)
Di+1 Di oo Di
Ei+1 tGl t62 t63 t64 t65 tGG Ei Ei
Fi+1 I:i Fl

where T', . is the 6x6 transfer matrix which depends on the eigenvalue 2 ; for which the elements are
given in [10]. Through repeated applications of Equation (18), the six constants in mastA,B,,C,,D,, E,
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and F, can be mapped into those of the jib, hence the number of independent constants of the entire system
are reduced to six as:

{Az Bz Cz Dz Ez Fz}T :Texe{A& Bl Cl D1 E1 Fl}T (19)

These six remaining constants A , B,, C, , D,, E, and F can be determined through the satisfaction of the boundary conditions
in Equation (15a) - (15f). For the system, Equations (16), (17), (15a), (15¢) and (15e) lead to

B+D,=0, A+C =0, K =0 (20a-c)

For satisfaction of the boundary conditions of Equations (16) and (17) at the mast support, Equations (15b), (15d) and (15f),
requires

—A,sinl, + B, cos Al, +C, sinh Al, + D, cosh Al, =0 (20d)
A, cos Al, +B,sin Al, +C, cosh Al, + D, sinh Al, =0 (20e)
E,sinhaA’l, + F, coshai’l, =0 (20f)

This is expressed in a matrix form as

B.siA B, C, D, E, R} =0 (21)
where
—-sinAl,,, cosAl,, sinhAl,, coshil, , 0 0
B,, =| cosil,, sinAl, coshAl,, sinhAl,,, 0 0 (22)
0 0 0 0 sinhaa’l _, coshai’l,

Substituting Equation (19) into Equation (21) and use of Equations (20a) - (20c) gives
T
By Tous {AL B C D E Fl} =0

Further written as

By T'ss{A B -A -B E 0} =0 (23)

where

11 12 13 14 15 16

=B, T T "=

R3><G 3x6 ' 6x6  6x6

r‘31 I"32 r‘33 r34 r‘35 r36
Hence, this gives a non-trivial solution which requires

L(4)=6(4) h(4)-n(4) )
det| 1, (A)—r5(4) ry(A)—1u(4) rg(2) |=0 (24)
r31(ﬂ’)_ Iy (’1) I (’1)_ Iy (l) I (A)

The determinant gives the characteristic equation for the solution of the eigenvalues 4, . The solution of this equation with

Newton—Raphson iterations, using the method shown in [10] gives the eigenvalues. This coefficients of the eigen functions of
the equation, w, (x) and v, (X) can then be obtained using a back-substitution into Equations (23) and (18), and then Equations

(16) and (17). Applying Equations (15a — f) into Equation (20d - f) for the jib crane leads to

0 1 0 0 0 Al [A]
1 0 1 0 0 B, B,
—-sinAl,,, -cosAl., sinhAl_, coshAil, , 0 0 C, _ C, (25)
—cosAl,,, sindl,, coshAl, sinhAl,, 0 0 D, D,
0 0 0 0 0 1 E, E,
| 0 0 0 0 —cosad’l,,, sinad’l,, ||F | |F,]
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For a non-trivial solution of Equation (25), determinant of coefficients of constants A ,B, , C;, D,, E, and E, must be zero.
That is

0 1 0 1 0 0
1 0 1 0 0 0
—-sinAl,,, -—cosAl,,, sinhAl,, coshil 0 0 0o (26)
—cosAl,, sinAl,,, coshAil,, sinhAl 0 0
0 0 0 0 0 1
0 0 0 0 —cosai’l,,, sinai’l,
Expanding the determinant gives the frequency equation
~2cosad’l, ,(cos Al cosh Al, , +1) =0 (7)

This is similar to equation of a cantilever beam in [9]. Thus, Al ., = Al for this case and same solution applies as:
cosAlcosh Al +1=0 (28)

The possible solution of Equation (28) iscos Al =0, which gives

Ay = @ (29)
From Equations (29) and (13), the natural frequency is:
2
o-(Ghe) 3 B (30)
Yol
2
which can be written as @, = £l /E—L\ where Sl = [@j Iiz
Yo

There are infinite number of natural frequencies associated with a continuous structure as it possesses infinite degrees of
freedom. The associate mode shapes are obtained by

W, (x) =sinh A, x—sin A4, x—a(cosh A,x —cosh 4,X)
sinh A1 +sin A, | (31)
cosh A, | +cosh A,

The response of the beam is given as a linear combination of mode shapes.

where a:{ } n=1 2, 3,...

2.3 Forced Vibration of the Jib

The principle of superposition is used to determine the solution of the forced vibration of the jib as a cantilever beam as shown
in Figure 4a. For this, the deflection of the beam is assumed as

W) = S W, (08, () (32)

where g, (t) is the generalized coordinate in the n-th mode and W, (x) is the n-th normal mode or characteristic function
satisfying the differential equation [10].

P
B I il B v -m.\\IM
—_ e b ( T |* I
P i’[
B 48
I B A
(@) g :
(b) ©)
i .l —— e,
4 A

Figure 4. (a) Schematic of the jib crane, (b) The jib under loading, (c) The mast under loading
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El dd[l:(/i/” (X) - @’ pAW, (x) =0;n =1,2. (33)

Substituting Equation (32) in Equation (33) gives
3 4W (X) +Z AW, (x)OI q“(t) = f(xt) (34)

ZEI

From Equation (33), Equation (34) can be written as

ZwZW (x)qn(t)+ZW 0 q" ®) _iA f(x.1) (35)
)

Multiplying Equation (35) throughout by W, , integrating from Oto | and using orthogonality condition gives

dig,(t)  , . 1
T ® —an ® (36)

where Q, (t) is the generalized forced corresponding to g, (t)

QM= JI. )W, (x)dx @7

and the constant is given by

b :Ij f (X, ) W, (x)dx (38)

Equation (32) is similar to the equation of motion of undamped single degree of freedom system. Using Duhamel integral, the
solution of the Equation (32) can be expressed as

t
q,(t)= A cose t+B, sinwt+ ! j Q,(7)sina, (t-7)dr (39)
a)n 0

2.4 Response of the Jib Subjected to Harmonic Force
From Equation (36), the generalized coordinate g, (t) is given by

d’q.(®) , 1
=y t)=——Q(t 40
TR (40)
where
|
Q.0 = [ f(xHW, (X)dx = FB)W, (1) (41)
0
The steady-state solution of Equation (40) is given by
t
q,(t) = A cosm t+B, sinat+ j Q,(r)sinw, (t-7)dr (42)
pA wn 0
|
where b = j W2 (x)dx =1
t—r=t
jQ (r)sinaw, (t-7)dr = PW (I)je“” sinw, (t-7)dr = PW, (1)e” j e” sinaw, (t—7)(~d7) (43)
t—7=0
Using the formula
[e™ sinbxdx = — 1b2 e™ {asinbx —bsinbx} (44)
a
Equation (43) can be evaluated to obtain
PW. (1) ot
0,0 =—————{we" +osinot-o,coso,t} (45)

pAlo, (0 + o)
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2.5 Response of the Mast Subjected to a Moment at the Free End
From Equation (37), the generalized force Q, (t) becomes

dw,
dx

Q.() =M,

where
dw,
dx

(46)

x=I

= f,(cos g1 —cosh g.1) + e, B, (sin B,1 +sinh g 1) 47

x=|

The steady-state response of the beam under the action of the moment is given by Equation (32) with

1§ .
q,(t) = v { Q,(7)sina, (t-7)dr

1 dw
t)=——— M, —"
qn() pAba)n 0 dX

jsin w,(t-7)dz (48)

x=l 0

|
where b= [W? (x)dx=1
0

t
Noting that jsin o, (t-7)dr = i(l—cos o,t)
,
0

n

The steady-state response can be written as

1 dw
)=—— M, —"
qn() pAbCl) 0 dX

n

(1-cosa,t) (49)

x=I

Thus, the combined response of the jib crane due to the harmonic force and moment is

q, () = % L om, Wl cosa) (50)
pAlo, (o] + o) pAbw dx |

n X=

{me” +osinot -, cosot]+

3. RESULTS AND DISCUSSION

3.1 Numerical parameters

This work used a standard numerical data obtained from [9] for a 5-ton model. I-cross section beam, L = 6.096 m, A = 0.603
m, B = 0.179m, C = 0.015 mand D = 0.011 m with structural steel (A36) having p = 7800 kg/m3, E = 2 x 101! GPa and
9 = 0.3. The force acting is P = 4905 N and a motor speed of 7.4 m/min on 0.326 m drum.

3.2 The Natural Frequencies of the Jib Crane
The system parameters were calculated as w = 0.3783 rad/s, A = 0.01167 m?>, M = 555.4 kg, I = 6.3672 X 10~* m4, k =
1683.1 kN/m, w, = 55.049 rad/s, w/w, = 0.0069, and maximum displacement as X;, = 29.144 mm. The first three natural
frequencies are obtained by solving Equation (30) and tabulated as in Table 1.

Table 1 shows the first three natural frequencies of the jib crane. This result is almost similar to the solution of a cantilever
beam with same boundary conditions as derived in Equation (30). The result tallies with [8] as a good indication of the effective
of this approaching of treating the jib crane as a frame structure.

3.3 Mode shapes of the Jib Crane

The mode shapes of the jib crane are shown in Figure 5(a)-(c) from Equation (31). It shows that each of the mast and the jib
behaves as an independent cantilever beam. The mast is fixed at the base, but the other end is free in its axis while forming a
fixed support for the jib.

Table 1. Modal analysis frequencies

Mode Sl Theoretical (Hz)
1 1.8751 17.8086
2 4.6941 111.4336
3 7.8548 312.4961
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(a) First mode shape (b) Second mode shape (c) Third mode shape
Figure 5. Mode shapes
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Figure 6. Time response

3.4 The Response of the Jib Crane to the Force

The response of the jib to the force at the end of the jib which is the load carried by the jib crane from Equation (45) is shown
in Figure 6(a) with a maximum displacement of about 26 mm and a mean steady displacement of less than 20 mm. The response
of the mast due to the combined effect of the harmonic force and the moment acting on it from Equation (50) is shown in
Figure 6(b) with a mean displacement of about 32 mm. The response of the mast is higher due to the combined displacement
of the jib and mast from the superposition effect.

4. CONCLUSION

This paper explores an effective method of analysing the vibration of a jib crane by utilizing vibration analysis of frame
structures with the aim of finding the amplitude, frequency and mode shapes of a jib crane. The approach shows that the jib
crane can be modelled and treated as a frame structure in analysing its vibration parameters. Frequency, mode shape and
amplitude of the cantilever beam were analysed as functions of vibration parameters. An approximate assumed mode equation
was derived using expansion of the modes shape as the expansion function for the beams. These parameters are functions of
the boundary conditions of the relationship between the mast and the jib in the system. The results from this approach shows
a feasible and practical approach to the utilization of vibration of frame structures in analysing the vibration parameters of a
jib crane. Natural frequencies, mode shapes, amplitude and response of vibration of the jib crane conformed well to already
established works.
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