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Abstract: This study introduces the development and implementation of an advanced Proportional-Integral-Derivative (PID) 
control strategy, termed the Proportional Fractionalized Integral Derivative (PIαD) controller, aimed at enhancing transient 
dynamics, frequency response, and robustness in the regulation of electric furnace temperature. A key feature of the proposed 
controller design is the incorporation of the Harris Hawks Optimization (HHO) algorithm, employed to optimally tune the 
controller parameters. The selection of HHO is justified by its superior global search capability, fast convergence, and 
effectiveness in avoiding local minima, making it well-suited for addressing the complex, nonlinear characteristics of electric 
furnace systems. The suggested PIαD controller is used for the first time in electric furnace applications, providing a novel 
enhancement to traditional PID controllers by incorporating a fractional-order element. The controller’s efficacy is evaluated 
through stringent simulations encompassing step reference alterations, load disturbances, and continuous random setpoints. 
Compared to classical PID, PID Acceleration (PIDA), and Real PID with second-order derivative (RPIDD²) controllers, the 
proposed PIαD controller exhibits superior performance, achieving the fastest rise time (1.65 s), shortest settling time (3.43 s), 
and lowest overshoot (0.12%). It also provides the best robustness trade-off, with high gain and phase margins, the largest 
bandwidth, and the lowest error indices. Frequency-domain analysis further confirms its enhanced disturbance rejection and 
stability, underscoring the suitability of the proposed controller and HHO for accurate, reliable, and energy-efficient 
temperature regulation in nonlinear industrial systems. 

Keywords: Electric furnace; Harris Hawks optimization (HHO); PIαD controller design; Temperature control; Stability 
analysis. 

1. INTRODUCTION 
Electric furnaces are essential in various industrial areas, transforming electrical energy into heat for processing applications. 
In these systems, accurate temperature regulation is essential, as insufficient control may result in undesirable alterations or 
degradation of the material qualities of the treated goods [1]. Ensuring precise accuracy and swift responsiveness in 
temperature regulation is crucial for sustaining optimal system performance. A variety of control solutions has been presented 
over the years to effectively address this difficulty. The efficient management of electric furnaces is essential, as it directly 
impacts the productivity, quality and industrial operations energy efficiency. Accurate temperature control is crucial for 
attaining the appropriate material characteristics, averting heat-induced deterioration, and maximizing energy efficiency. 
Inaccurate temperature regulation can result in diminished product quality, elevated energy expenses, and enhanced 
environmental consequences. Consequently, there is a significant necessity for the ongoing enhancement of control techniques 
[2-4]. 

Recent advancements in thermal process control have improved accuracy and robustness through intelligent optimization 
and advanced control strategies, such as a modified flower pollination algorithm (MOFPA)-based Proportional-Integral-
Derivative Acceleration (PIDA) (MOFPA-PIDA) controller [5], fuzzy fractional-order Proportional-Integral-Derivative (PID) 
controller [6], robust adaptive disturbance rejection control (ADRC) [7], nonlinear model predictive control (MPC) [8], genetic 
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algorithm-based internal model controller [9] and a particle swarm optimisation (PSO) based Real PID with Second-Order 
Derivative (RPIDD²) (PSO-RPIDD²) controller [10]. 

The nonlinear dynamics and time-varying attributes of electric furnace systems make traditional PID controller tuning 
highly challenging. Consequently, adaptive and intelligent control systems are increasingly favored to guarantee successful 
regulation. Diverse optimization methodologies have been employed to enhance PID controllers in these contexts, 
encompassing the Nelder-Mead method [11], fuzzy logic (FL) [12], extended non-minimal state space fractional-order model 
predictive control (EnMSSFMPC) [13], neural networks [14], enhanced whale optimization algorithm (EWOA) [15], modified 
electric eel foraging optimizer [16], genetic algorithm (GA) [17], and adaptive fuzzy-neural network (AFNN) controller [18]. 
Despite the widespread use of PID controllers, its drawbacks—such as prolonged settling periods in high-inertia or delayed 
systems—underscore the necessity for more sophisticated and efficient control strategies to fulfill contemporary industrial 
demands for performance, sustainability, and cost-efficiency. 

This study introduces a Proportional fractionalized Integral Derivative controller (PIαD) controller, marking its first 
documented application in electric furnace temperature regulation. The controller enhances performance by incorporating a 
fractional-order term into the integral gain [19-23], effectively mitigating the kick effect and improving the system’s robustness 
against disturbances.The proposed PIαD extends the classical PID by adding a fractional-order integrator (𝛼𝛼), resulting in four 
tunable parameters instead of three, while maintaining the same closed-loop structure. This additional flexibility allows for 
superior control accuracy in transient and frequency responses. 

The principal contributions of this work are as follows: 
(a) The HHO/ PIαD controller is proposed for the first time for electric furnace temperature control. 
(b) A comparative study is conducted using the HHO algorithm to optimize various controllers, including classical PID, 

PIDA, and RPIDD². 
(c) The robustness and adaptability of the proposed controller were tested in three different scenarios: (1) a step change 

in the desired temperature, (2) a step load disturbance, and (3) tracking a smooth random reference. 
(d) Results show that the HHO/ PIαD controller outperforms classical methods in terms of overshoot, rise time, and 

settling time, confirming its effectiveness in precision thermal regulation. 
The paper is organized as follows: Section 2 presents the temperature control system mathematical modelisation. Section 

3 examines how the Harris Hawks Optimization (HHO) algorithm is incorporated into the design of the PIαD controller. 
Section 4 offers comprehensive simulation results, demonstrating the effectiveness of the proposed controller through detailed 
comparisons with existing approaches. Section 5 is dedicated to robustness analysis. Finally, Section 6 concludes the study 
and summarizes the key findings. 

2. TEMPERATURE CONTROL SYSTEM MATHEMATICAL MODEL  
The electric furnace system is composed of several essential components: the furnace chamber, a control unit, a temperature 
sensor (typically a thermocouple), a power regulator, and a heating coil. During operation, the sensor continuously monitors 
the internal temperature of the furnace and converts it into a voltage signal. This signal serves as negative feedback and is 
compared to a predefined reference value representing the target temperature. The resulting error is processed by the controller, 
which adjusts the power delivered to the heating element to reduce any temperature deviation.  

Figure 1 presents the overall structure of the temperature control system, comprising the electric furnace, controller, 
thermocouple, and heater. The electric furnace temperature system transfer function 𝐺𝐺𝑝𝑝(𝑠𝑠) is represented in the s-domain as a 
second-order system with an accompanying time delay, as seen in Equation (1). The first-order Padé approach, as described 
in Equation (2), is used to estimate this delay. According to this approximation, the original transfer function in Equation (1) 
is restructured and presented in a revised version in Equation (3) [5, 15, 16, 24]. To better understand the dynamic behavior of 
the system, the open-loop step response is evaluated and presented in Figure 2. 
 

𝐺𝐺𝑝𝑝(𝑠𝑠) =
0.15

𝑠𝑠2 + 1.1 𝑠𝑠 + 0.2
 𝑒𝑒−1.5𝑠𝑠 (1) 

 

𝑒𝑒−1.5𝑠𝑠 =
1 − 0.75𝑠𝑠
1 + 0.75𝑠𝑠

 (2) 

 

𝐺𝐺𝑝𝑝(𝑠𝑠) =
−0.1125𝑠𝑠 + 0.15

0.75𝑠𝑠3 + 1.825𝑠𝑠2 + 1.25𝑠𝑠 + 0.2
 (3) 

 
This response underlines the system's limitations: both the settling and rise times are excessively longer, and a significant 

steady-state error is evident—characterized as a difference between the reference input and the system output. For a unit step 
input of 1, the steady-state output attains just about 0.75. Table 1 highlights the principal performance indicators of the 
uncontrolled system, comprising settling time, rise time, and percentage overshoot. 
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Figure 1. Schematic representation of electric furnace 

control. 

 
Figure 2. Step response of the system without the controller. 

 
Table 1. Parameters measured without a controller. 

Parameters Values 
Overshoot (%) 0.00 

Settling time (s) 19.8 
Rise time (s) 10.2 

 

3. PROPOSED P𝐈𝐈𝛂𝛂D CONTROLLER BASED ON HHO ALGORITHM 

3.1 Design of P𝐈𝐈𝛂𝛂D Controller 
This study explores the implementation of a PIαD controller applied to the transfer function defined in Equation (3) for the 
temperature regulation of an electric furnace. The PIαD controller is justified in this study due to its enhanced degrees of 
freedom over traditional PID controllers. By incorporating a fractional-order element, the PIαD extends the number of tunable 
parameters from three to four, allowing for finer adjustment of the controller dynamics. This additional flexibility facilitates 
improved transient response, better frequency-domain behavior, and increased robustness against disturbances and 
nonlinearities typical of electric furnace temperature regulation. The fractional calculus element enables more precise 
modeling of system dynamics, especially for processes exhibiting memory and hereditary properties, making the PIαD well-
suited for complex industrial systems where classical PID may fall short in performance and adaptability. 

Figure 3 illustrates the operation of the furnace system within a PIαD feedback control loop, where 𝐺𝐺𝑝𝑝(𝑠𝑠) denotes the 
plant model and 𝐺𝐺𝑐𝑐(𝑠𝑠) the controller model. The controller regulates the system output 𝑌𝑌(𝑠𝑠) in response to the reference input 
𝑅𝑅(𝑠𝑠), ensuring stable performance even in the presence of external disturbances 𝐷𝐷(𝑠𝑠). The structure of a conventional PID 
controller is illustrated as: 
 

𝐺𝐺𝑐𝑐(𝑠𝑠) = 𝐺𝐺𝑃𝑃𝑃𝑃𝑃𝑃(𝑠𝑠) = 𝐾𝐾𝑝𝑝  +
𝐾𝐾𝑖𝑖
𝑠𝑠

+ 𝐾𝐾𝑑𝑑𝑠𝑠 =
𝐾𝐾𝑑𝑑𝑠𝑠2 + 𝐾𝐾𝑝𝑝𝑠𝑠 + 𝐾𝐾𝑖𝑖

s
 (4) 

 
Incorporating fractional components into the control system modifies the conventional PID control rule by substituting the 
normal integral operator with its fractional equivalent  1/𝑠𝑠 [19, 20, 25]: 
 

1
𝑠𝑠

=
1
𝑠𝑠𝛼𝛼

⋅
1

𝑠𝑠1−𝛼𝛼
 (5) 

 
Substituting Equation (5) into Equation (4) yields  
 

𝐺𝐺𝑃𝑃𝐼𝐼𝛼𝛼𝐷𝐷(𝑠𝑠)   =
𝐾𝐾𝑑𝑑𝑠𝑠2 + 𝐾𝐾𝑝𝑝𝑠𝑠 + 𝐾𝐾𝑖𝑖

𝑠𝑠𝛼𝛼𝑠𝑠1−𝛼𝛼
 (6) 

 
where 10 <<α . Figure 4 shows the block diagram of PIαD controller. 
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Figure 3. Proposed HHO based PIαD controller. 

 

 
Figure 4. Block diagram of proposed PIαD controller. 

 
3.2 Integral Absolute Error-Based Performance Criterion for 𝐏𝐏𝐈𝐈𝛂𝛂𝐃𝐃 Tuning Using HHO 
This study employs the Integral Absolute Error (IAE) as the performance criterion for the HHO algorithm. The error signal 
𝑒𝑒(𝑡𝑡) is computed by taking the difference between the reference model and the actual system response. A lower error number 
implies better approximation to the target controller settings. 
 

𝐽𝐽�𝐾𝐾𝑝𝑝 ,𝐾𝐾𝑖𝑖 ,𝐾𝐾𝑑𝑑 ,𝛼𝛼� = 𝐼𝐼𝐼𝐼𝐼𝐼 = � |𝑒𝑒(𝑡𝑡)|𝑑𝑑𝑑𝑑

𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠

0

 (7) 

 
The sign 𝐽𝐽 denotes the performance index, which indicates how well the system output fits the reference model. The error 
signal 𝑒𝑒(𝑡𝑡)  is defined as the difference between the reference and actual speed, i.e., (𝑣𝑣𝑟𝑟𝑟𝑟𝑟𝑟(𝑡𝑡) −  𝑣𝑣(𝑡𝑡)). In this investigation, 
the simulation length (𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠) was set at 40 s. 

3.3 HHO Algorithm 
The nature-inspired population-based HHO algorithm (HHOA) [14] mimics Harris's Hawk hunting behaviour. It represents 
these hawks' hunting process mathematically. The distinct stages of the Harris Hawks formulation can be delineated into three 
primary phases as outlined in the following subsections. 

3.3.1 The Exploration Stage 
This represents the initial phase of the algorithm, where Harris Hawks utilize a wait-and-see strategy to apprehend their quarry 
by conducting arbitrary investigations in diverse areas. 
 

𝑋𝑋(𝑡𝑡 + 1) = �
𝑋𝑋rand (𝑡𝑡) − 𝑟𝑟1|𝑋𝑋rand (𝑡𝑡) − 2𝑟𝑟2𝑋𝑋(𝑡𝑡)| 𝑞𝑞 ≥ 0.5
𝑋𝑋rabit (𝑡𝑡) − 𝑋𝑋𝑚𝑚(𝑡𝑡) − 𝑟𝑟3�𝐿𝐿𝑏𝑏 + 𝑟𝑟4(𝑈𝑈𝑏𝑏 − 𝐿𝐿𝑏𝑏)� 𝑞𝑞 < 0.5 

 
 (8) 

 
where 𝑋𝑋(𝑡𝑡 + 1) represents the Hawks' position in the subsequent iteration, 𝑋𝑋rabbit (𝑡𝑡) indicates the rabbit's position, 𝑋𝑋(𝑡𝑡) 
denotes the vector indicating the current position of the hawks, (𝑟𝑟1, 𝑟𝑟2, 𝑟𝑟3, 𝑟𝑟4) denote random numbers within the range of (0,1), 
and (𝐿𝐿𝑏𝑏 ,𝑈𝑈𝑏𝑏) represent the variables of lower and upper bounds. Additionally, 𝑋𝑋rand(𝑡𝑡) is a random hawk from the present 
position. 

The mean of the Hawks' position is calculated as follows: 

𝑋𝑋𝑚𝑚(𝑡𝑡) =
1
𝑁𝑁
�  
𝑁𝑁

𝑖𝑖=1

𝑋𝑋𝑖𝑖(𝑡𝑡) (9) 

 
where 𝑋𝑋𝑚𝑚 indicates the current Hawk population mean, and N is the entire Hawk population. 
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3.3.2 Transition from Exploration to Exploitation 
This phase emulates various maneuvering tactics observed in Harris Hawks, which depend on the prey's flight energy. For 
instance, consider the energy level of a rabbit as an illustration of this behavior: 
 

𝐸𝐸 = 2𝐸𝐸0 �1 −
𝑡𝑡

𝑇𝑇max
� (10) 

 
where 𝐸𝐸 represents the prey's escape energy, 𝐸𝐸0 represents the initial energy and 𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚  represents the total number of iterations 
permitted. 

3.3.3 The Exploitation Phase 
The final phase of the HHO algorithm consists of four distinct strategies, each contingent upon the energy level of the prey and 
the likelihood of its escape. When considering 𝑟𝑟 <  0.5 as indicative of the prey's successful escape chance and 𝑟𝑟 ⩾  0.5 as 
representing an unsuccessful escape attempt. In cases where 𝑟𝑟 ⩾  0.5 and |𝐸𝐸|  ≥  0.5, a soft besiege strategy will be executed, 
characterized by Equations (11) and (12). 
 

𝑋𝑋(𝑡𝑡 + 1) = Δ𝑋𝑋(𝑡𝑡) − 𝐸𝐸|𝑋𝑋(𝑡𝑡) − 𝐽𝐽𝑋𝑋rabbit | (11) 
Δ𝑋𝑋(𝑡𝑡) = 𝑋𝑋rabbit (𝑡𝑡) − 𝑋𝑋(𝑡𝑡) (12) 

 
where ΔX(t) represents the disparity between rabbit's location and current location at iteration 𝑡𝑡,  𝐽𝐽 represents the magnitude of 
the rabbit's random. For 𝑟𝑟 ⩾ 0.5 and |𝐸𝐸 < 0.5|, a severe besiege will be undertaken, as stated by Equation (13). 

 
𝑋𝑋(𝑡𝑡 + 1) = 𝑋𝑋rabbit − 𝐸𝐸|Δ𝑋𝑋(𝑡𝑡)| (13) 

 
For 𝑟𝑟 < 0.5 and |𝐸𝐸| ≥ 0.5, A mild besiege with gradual quick drive will be executed, as stated by Equations (14) and (15). 

 
𝑌𝑌1 = 𝑋𝑋rabbit − 𝐸𝐸|𝑋𝑋(𝑡𝑡) − 𝐽𝐽𝑋𝑋rabbit | (14) 

𝑍𝑍1 = 𝑌𝑌1 + 𝑆𝑆 × 𝐿𝐿𝐿𝐿(𝐷𝐷) (15) 
 

where 𝐷𝐷 is the dimension of the problem, 𝑆𝑆 is a 1 × 𝐷𝐷 random vector, and LF is the levy flight function. Therefore, Equation 
(16) fulfills the position update. 

 

𝑋𝑋(𝑡𝑡 + 1) = �
𝑌𝑌1,  if 𝐹𝐹�𝑋𝑋(𝑡𝑡)� > 𝐹𝐹(𝑌𝑌1)
𝑍𝑍1,  if  𝐹𝐹�𝑋𝑋(𝑡𝑡)� > 𝐹𝐹(𝑍𝑍1)

 (16) 

 
If both 𝑟𝑟 and |𝐸𝐸| have values lower than a certain threshold, a hard besiege with increasing quick drive will be used, as 
described by Equations (17) – (19). 

 

𝑋𝑋(𝑡𝑡 + 1) = �
𝑌𝑌2,  if 𝐹𝐹�𝑋𝑋(𝑡𝑡)� > 𝐹𝐹(𝑌𝑌2)
𝑍𝑍2,  if 𝐹𝐹�𝑋𝑋(𝑡𝑡)� > 𝐹𝐹(𝑍𝑍2)

 (17) 

 
𝑌𝑌2 and 𝑍𝑍2 are obtained using Equations (18) and (19), respectively. 
 

𝑌𝑌2 = 𝑋𝑋rabbit − 𝐸𝐸|𝑋𝑋(𝑡𝑡) − 𝐽𝐽𝑋𝑋rabbit | (18) 
𝑍𝑍2 = 𝑌𝑌2 + 𝑆𝑆 × 𝐿𝐿𝐿𝐿(𝐷𝐷) (19) 

 
The complete flowchart of the HHO algorithm is shown in Figure 5. 

3.4 Method of Oustaloup Approximation  
The estimation of the fractional-order (FO) integrator and differentiator is conducted through Oustaloup's approximation 
method [24]. The primary aim of Oustaloup's approximation [25] is to offer an estimation of a fractional operator. 
 

𝐺𝐺(𝑠𝑠) = 𝑆𝑆𝛼𝛼,   (𝛼𝛼 ∈ 𝑅𝑅) (20) 
 
The standard form of the Oustaloup filter is  

𝐺𝐺(𝑠𝑠) = 𝐾𝐾�
𝑠𝑠 + 𝜔𝜔𝑘𝑘

′

𝑠𝑠 + 𝜔𝜔𝑘𝑘

𝑁𝑁

𝑘𝑘=1

 (21) 
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Figure 5. Schematic representation of the HHO algorithm. 

 
 
The poles, zeros, and gain can be obtained from 
 

ω𝑘𝑘
′ = ω𝑏𝑏 . ω𝑢𝑢

(2𝑘𝑘−1−𝛾𝛾)/𝑁𝑁 , ω𝑘𝑘 = ω𝑏𝑏 . ω𝑢𝑢
(2𝑘𝑘−1+𝛾𝛾)/𝑁𝑁 , 𝐾𝐾 = ωℎ

𝛾𝛾 (22) 
 
with, ω𝑢𝑢 = �ωℎ ω𝑏𝑏⁄ , for 𝑘𝑘 = 1,2, . . . ,𝑁𝑁. ωℎ is the required frequency interval's upper, ω𝑏𝑏  is the lower limits, 𝑁𝑁 is the filter 
and  𝛾𝛾 is the derivative orders. 

4. RESULTS AND DISCUSSION  
The most suitable tuning settings for the PIαD controller were determined utilizing the HHO algorithm, based in a 
MATLAB/Simulink simulation model developed for electric furnace temperature management. Each Harris Hawk in the 
population signifies a proposed solution represented as a real-valued vector, which represents the controller's gains. The HHO 
technique was employed to determine the optimal values of the controller parameters for the system model 𝐺𝐺𝑝𝑝(𝑠𝑠), and the 
associated closed-loop transfer function was developed. 

The transfer function of the PIαD controller is formulated using the proportional (𝐾𝐾𝑝𝑝), integral (𝐾𝐾𝑖𝑖), and derivative (𝐾𝐾𝑑𝑑) 
gains, along with the fractional integral order 𝛼𝛼. The configuration of the HHO algorithm used to solve the optimization 
problem is as follows: the population size was set to 50 hawks, with a maximum of 40 iterations. The Lévy flight function 
constant was defined as 1.5. The search space for the controller parameters was constrained within specific bounds, with lower 
bounds set as [0.01, 0.01, 0.01, 0.01] and upper bounds as [5, 5, 5, 0.5] for [𝐾𝐾𝑝𝑝, 𝐾𝐾𝑖𝑖, 𝐾𝐾𝑑𝑑, 𝛼𝛼]. The dimensionality of the 
optimization problem was 4, and the simulation time for evaluating each candidate solution was set to 40 seconds. HHO 
algorithm was employed to design a PIαD controller for the system model 𝐺𝐺𝑝𝑝(𝑠𝑠)  as shown in Equation (3), with the PIαD 
parameters set to 𝐾𝐾𝑝𝑝 = 3.2920, 𝐾𝐾𝑖𝑖 =  0.6205, 𝐾𝐾𝑑𝑑 = 4.3618 and 𝛼𝛼 = 48. 

 

Randomly create an initial population of Harris 
 

Return the best solution 𝑋𝑋𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟  

Define the initial energy level  

Update the escaping energy for each hawk based  on Eq.8. 

specifying the parameters of the HHO algorithm. 

Start 

Yes 

No 

Yes 

No 

Yes 

No 

Update the hawk positions using Eq.9 
 

Apply a surrounding hard using Eq.12 

Execute the soft besiege strategy 
using Eqs. 10 and 11.  

Apply a surrounding soft beside 
advanced using  Eq.15 

 

Evaluate the fitness function for each solution. 

|𝑟𝑟| < 1 
&|𝐸𝐸| ≥ 1 

Yes 

No 

|𝐸𝐸| ≥ 1 

|𝑟𝑟| ≥ 1 
&|𝐸𝐸| ≥ 1 

|𝑟𝑟| ≥ 1 
&|𝐸𝐸| ≤ 1 

Apply a surrounding hard beside 
advanced using  Eqs.16 to 18. 

 

Yes 

No 

|𝑟𝑟| < 1 
&|𝐸𝐸| < 1 

No Yes 𝑡𝑡 ≤ 𝑇𝑇 

End 

𝐸𝐸0 = 2 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 − 1 
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The tuning procedures for the benchmark controllers (PID, PIDA, and RPIDD²) are aligned with methods commonly 
reported in recent studies on the same system. Specifically, the Modified Flower Pollination Algorithm (MOFPA) was 
employed to optimize the PID and PIDA controllers, while the Particle Swarm Optimization (PSO) algorithm was used for the 
RPIDD² controller. These choices ensure consistency with the literature and provide a fair basis of comparison. 

The optimal HHO-PIαD, MOFPA-PID, MOFPA-PIDA and PSO-RPIDD2 controllers for the electric furnace temperature 
control system as shown in Equations (23), (24), (25) and (26), respectively. 
 

𝐺𝐺𝑐𝑐(𝑠𝑠)|PIαD =
4.36𝑠𝑠2 + 3.29 𝑠𝑠 + 0.62

𝑠𝑠0.48𝑠𝑠0.52  (23) 

 

𝐺𝐺𝑐𝑐(𝑠𝑠)|PID = 3.55 +
0.61 
𝑠𝑠

+ 3.85 𝑠𝑠 (24) 

 

𝐺𝐺𝑐𝑐(𝑠𝑠)|PIDA = 3.98 +
0.66 
𝑠𝑠

+ 4.99 𝑠𝑠 + 0.99 𝑠𝑠2 (25) 

 

𝐺𝐺𝑐𝑐(𝑠𝑠)|RPIDD2 = 3.48 +
0.65 
𝑠𝑠

+ 4.69 �
316.7752 𝑠𝑠
𝑠𝑠 + 316.7752

� + 0.28 �
 61.5626 𝑠𝑠
𝑠𝑠 + 61.5626

�
2

 (26) 

 
The resulting transfer function of the closed-loop system, which incorporates the proposed PIαD controller and unity feedback, 
is given by: 
 

𝐺𝐺𝐶𝐶𝐶𝐶_PIαD(𝑠𝑠) =
𝐺𝐺𝐻𝐻𝐻𝐻𝐻𝐻−PIαD(𝑠𝑠) ∗ 𝐺𝐺𝑝𝑝(𝑠𝑠)

1 + 𝐺𝐺𝐻𝐻𝐻𝐻𝐻𝐻−PIαD(𝑠𝑠) ∗ 𝐺𝐺𝑝𝑝(𝑠𝑠) (27) 

 
Thus, the closed-loop transfer function corresponding to the HHO algorithm, combined with the proportional fractionalized 
integrator derivative controller, has been expressed in a fractional form. This fractionalization, detailed in Equation (27), 
incorporates an integrator of fractional order 𝛼𝛼 =  0.48. The value of 𝛼𝛼 was obtained using the Oustaloup approximation 
method over a frequency range from 𝜔𝜔𝑏𝑏  =  0.1 rad/s to 𝜔𝜔ℎ  =  10 rad/s, under a unity feedback configuration given in 
Equation (28). 

The obtained approximation is: 
 

𝐺𝐺𝐻𝐻𝐻𝐻𝐻𝐻−PIαD (𝑠𝑠) =

−0.04907𝑠𝑠13 − 1.254𝑠𝑠12 − 12.29𝑠𝑠11 − 58.6𝑠𝑠10 − 141.8𝑠𝑠9 −
144.9𝑠𝑠8 + 57.48𝑠𝑠7 + 317.5𝑠𝑠6 + 369.1𝑠𝑠5 + 225.9𝑠𝑠4 +

81.22𝑠𝑠3 + 17.15𝑠𝑠2 + 1.959𝑠𝑠 + 0.09308
0.7009𝑠𝑠13 + 12.94𝑠𝑠12 + 98.6𝑠𝑠11 + 414.1𝑠𝑠10 +

1088𝑠𝑠9 + 1924𝑠𝑠8 + 2374𝑠𝑠7 + 2066𝑠𝑠6 + 1258𝑠𝑠5 +
526.2𝑠𝑠4 + 146.8𝑠𝑠3 + 25.92𝑠𝑠2 + 2.606𝑠𝑠 + 0.1131

 (28) 

 
A comparison was conducted between the suggested PIαD controller, the standard PID controller, and alternative approaches 
such as PIDA and RPIDD², utilizing identical settings for an electric heating furnace. Standard MATLAB tools were employed 
to guarantee the reproducibility of results. Significant results are emphasized, with comprehensive analysis included in the 
following sections. 

4.1 Transient Response Analysis 
The likelihood of achieving improved system performance is affected by the choice of an appropriate goal function. To get the 
most out of the system's stability and dynamic responsiveness, this function is vital. This study aimed to achieve optimum 
system performance by using the IAE criteria as the objective function, as given in Equation (7). The closed-loop system 
employing the Proportional-Fractionalized Integral-Derivative (PID) control strategy, based in the HHO algorithm, 
demonstrates significant complexity (order 13; refer to Equation (28)). As a result, the total memory capacity of the proposed 
controller will be reduced to align more effectively with the corrective loop. As indicated in [19, 29], our present objective is 
to identify a low-order approximation of an integer-order model.  

Figure 6 illustrates the error signal in model reduction, along with the original model where: 
− 𝑟𝑟(𝑡𝑡): the input signal (reference signal) applied to both the original model and the reduced model. 
− 𝐺𝐺(𝑠𝑠): the transfer function of the original high-order system. 
− 𝑦𝑦(𝑡𝑡): Output of the original system 𝐺𝐺(𝑠𝑠). 
− 𝐺𝐺𝑟𝑟/𝑚𝑚(𝑠𝑠): Transfer function of the reduced-order model, designed to approximate 𝐺𝐺(𝑠𝑠) with lower complexity. 
− 𝑦̂𝑦(𝑡𝑡): Output of the reduced-order model 𝐺𝐺𝑟𝑟/𝑚𝑚(𝑠𝑠). 
− 𝑒𝑒(𝑡𝑡) = 𝑦𝑦(𝑡𝑡)  − 𝑦̂𝑦(𝑡𝑡): Error signal defined as the difference between the original and the reduced model output. 
 

This block diagram represents a model order reduction framework, where a high-order system is approximated by a 
reduced-order system. 
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Figure 6. Error signal for model reduction. 

 
 

𝐺𝐺(𝑠𝑠) =
𝑏𝑏1𝑠𝑠𝑛𝑛−1 + ⋯+ 𝑏𝑏𝑛𝑛−1𝑠𝑠 + 𝑏𝑏0

𝑠𝑠𝑛𝑛 + 𝑎𝑎1𝑠𝑠𝑛𝑛−1 + ⋯+ 𝛼𝛼𝑛𝑛−1𝑠𝑠 + 𝑎𝑎𝑛𝑛
 (29) 

 
As noted in [19, 29], our current goal is to find a low-order approximation of an integer-order model. 
 

𝐺𝐺𝑟𝑟 𝑚𝑚⁄ (𝑠𝑠) =
𝛽𝛽1sr + ⋯+ 𝛽𝛽𝑟𝑟𝑠𝑠 + 𝛽𝛽𝑟𝑟+1

s𝑚𝑚 + 𝛼𝛼1𝑠𝑠𝑚𝑚−1 + ⋯+ 𝛼𝛼𝑚𝑚−1𝑠𝑠 + 𝛼𝛼𝑚𝑚
 (30) 

 
The Laplace transform of the error signal can be expressed as: 
 

𝐸𝐸(𝑠𝑠) = 𝐺𝐺(𝑠𝑠) − 𝐺𝐺𝑟𝑟 𝑚𝑚⁄ (𝑠𝑠) (31) 
 
where 𝑅𝑅(𝑠𝑠) represents the Laplace transform of the input signal 𝑟𝑟(𝑡𝑡). The objective function for minimizing the 𝐻𝐻2-norm of 
the reduction error signal is given by: 

 
𝐽𝐽 = min

θ
�𝐺𝐺�(𝑠𝑠) − 𝐺𝐺𝑟𝑟/𝑚𝑚(𝑠𝑠)�

2
 (32) 

 
where 𝐽𝐽 is the performance criterion, 𝐺𝐺𝑟𝑟/𝑚𝑚(𝑠𝑠)   is the reduced-order model and 𝜃𝜃 represents the parameters that are adjusted to 
ensure that: 
 

𝜃𝜃 = [𝛽𝛽1, … ,𝛽𝛽𝑟𝑟 ,𝛼𝛼1, … ,𝛼𝛼𝑚𝑚] (33) 
 

Equation (34) presents the low-order closed-loop transfer function associated with the high-order closed-loop system 
described in Equation (28).  

 

𝐺𝐺𝐶𝐶𝐶𝐶_𝑅𝑅𝑅𝑅_PIαD(𝑠𝑠) =
−5.981𝑠𝑠3 + 5.212𝑠𝑠2 + 6.781s + 6.648 × 10−10

𝑠𝑠5 + 9.684𝑠𝑠4 + 21.18𝑠𝑠3 + 23.21𝑠𝑠2 + 8.238𝑠𝑠 + 8.077 × 10−10
 (34) 

 
To evaluate the accuracy of the reduced-order PIαD controller, both time-domain and frequency-domain comparisons were 
performed. The results are presented in Figures 7 and 8. 

In the time-domain evaluation, the reduced-order PIαD controller exhibits a step response that closely aligns with that of 
the original high-order controller. As illustrated in Figure 7, both systems demonstrate nearly identical rise time, overshoot, 
and settling time, indicating that the model reduction has minimal impact on transient performance. In the frequency domain, 
Figure 8 shows that the magnitude and phase responses of the reduced and original controllers are highly consistent across the 
examined frequency range. This confirms that the essential dynamic behavior is well preserved after model reduction. Overall, 
the reduced-order PIαD controller offers an accurate approximation of the original system, maintaining control performance 
while significantly lowering computational complexity, making it well suited for real-time implementation. 

Figure 9 depicts the system's response to input changes under the control of the proposed PIαD controller, in comparison 
with other controllers including the classical MOFPA-PID, MOFPA-PIDA, and PSO-RPIDD² controllers. The main plot 
demonstrates that all controllers achieve steady-state convergence; however, noticeable differences arise in transient 
performance. The zoomed-in view highlights the superior performance of the proposed PIαD controller, which exhibits, shorter 
rise time (𝑇𝑇𝑟𝑟), faster settling time (𝑇𝑇𝑠𝑠), minimal overshoot (𝑂𝑂𝑂𝑂), and reduced oscillations compared to the other controllers. 
These improvements confirm the efficacy of the fractional-order dynamics in enhancing control precision and robustness 
during the critical initial response phase. Table 2 presents the transient response metrics of the four controllers, including 
measures such as the maximum overshoot, rising time (measured from 10% to 90%), settling time (within a tolerance of ±2%), 
and peak time.  
 
 
 

 

+ 

- 

𝐺𝐺𝑟𝑟 𝑚𝑚⁄ (𝑠𝑠) 

Reduced model 

𝐺𝐺(𝑠𝑠) 

Original model 

𝒓𝒓(𝒕𝒕) 

𝒚𝒚(𝒕𝒕) 

𝒚𝒚�(𝒕𝒕) 

𝒆𝒆(𝒕𝒕) 
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Figure 7. Step response of original and reduced PIαD 

controllers. 

 
Figure 8. Bode plot of original and reduced PIαD 

controllers. 

 
Figure 9. Input tracking performance with various controllers. 

 
 

Table 2. Comparative analysis of the transient response. 

Controllers 𝑇𝑇𝑟𝑟 (s) 𝑇𝑇𝑠𝑠 (s) 𝑂𝑂𝑂𝑂 (%) 𝑇𝑇𝑝𝑝 (s) 
HHO-PIαD [Proposed] 1.6549 3.4335 0.1169 4.1836 

MOFPA-PID 1.7818 6.4827 9.1687 4.7397 
MOFPA-PIDA 1.8368 5.1277 3.3096 4.3534 
PSO-RPIDD2 1.7933 3.5218 1.9579 4.3715 

 
 

As can be seen from Table 2, the proposed HHO-PIαD controller outperforms the others by achieving the fastest rise time 
(1.6549 s), the shortest settling time (3.4335 s), and the lowest overshoot (0.1169%), demonstrating superior stability and 
responsiveness. In comparison, the classical PID controller shows moderate performance, while the MOFPA|-PIDA and PSO-
RPIDD² controllers exhibit slower dynamics and higher overshoot, making them less effective. Overall, the proposed HHO-
PIαD controller delivers the best transient performance among all the controllers evaluated. 

4.2 Frequency Response Analysis 
Figure 10 shows the Bode plot comparison of the open loop transfer function for the four controllers: the proposed PIαD, 
classical PID, PIDA, and RPIDD². Table 3 summarizes the frequency-domain performance of the controllers, including gain 
margin 𝐺𝐺𝑚𝑚, phase margin 𝜑𝜑𝑚𝑚, and bandwidth 𝐵𝐵𝐵𝐵 . Higher gain and phase margins indicate improved stability and robustness, 
while a larger bandwidth reflects a faster dynamic response.  

As can be seen from Figure 10, the proposed HHO-PIαD controller (red dashed line) demonstrates a higher gain in the 
low-frequency range and a smoother phase transition, indicating enhanced robustness and effective disturbance rejection. In 
contrast, the MOFDA-PID and MOFDA-PIDA controllers show steeper gain roll-off and more abrupt phase drops, which may 
limit their stability margins. The PSO-RPIDD² controller exhibits a broader bandwidth but may introduce sensitivity at high 
frequencies. Overall, the HHO-PIαD controller provides a well-balanced compromise between stability, robustness, and 
frequency-domain performance. 
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Figure. 10 Bode plots comparison for different controller designs. 
 

Table 3. Frequency domain stability metrics. 

Controllers 𝐺𝐺𝑚𝑚 (dB) 𝜑𝜑𝑚𝑚 (degree) 𝐵𝐵𝐵𝐵 (rad/s) 
HHO-PIαD [Proposed] 8.3685 67.991 1.6463 

MOFPA-PID 8.5259 55.588 1.3057 
MOFPA-PIDA 11.262 59.163 1.4069 
PSO-RPIDD2 8.8077 61.834 1.4713 

 
As shown in the Table 3, the proposed HHO-PIαD controller demonstrates the best overall trade-off, combining a high 

gain margin, a large phase margin, and the highest bandwidth, indicating strong robustness and fast dynamic response. 
Although the classical MOFPA-PID controller achieves a slightly higher gain margin, it exhibits lower phase margin and 
bandwidth. The MOFPA-PIDA controller performs the weakest, with the lowest gain margin and bandwidth, reflecting limited 
stability and responsiveness. The PSO-RPIDD² controller provides the highest phase margin but shows reduced gain 
robustness compared to the proposed approach. 

4.3 Comparison of Different Error Criteria 
In PID controller design, the fitness function is often based on the amount of deviation that exists between the output of the 
system and the value that is intended. Criteria that are based on common errors: Integral-Absolute-Error (IAE), Integral-
Squared-Error (ISE), Integral-Time-weighted-Absolute-Error (ITAE), and Integral-Time-weighted-Squared-Error (ITSE) are 
used to evaluate and optimize performance, each emphasizing different aspects of the system's transient response. The criteria 
are given in Equations (35)-(38) where 𝑒𝑒(𝑡𝑡) denotes the deviation between the target output and the measured output at time 
𝑡𝑡. While minimizing these criteria can reduce overshoot, it may increase settling time. Table 4 presents the values of the four 
standard performance indices IAE, ISE, ITAE, and ITSE for all controllers.  
 

𝐼𝐼𝐼𝐼𝐼𝐼 = �  𝑒𝑒(𝑡𝑡)2 ⋅ 𝑑𝑑𝑑𝑑  (35) 

𝐼𝐼𝐼𝐼𝐼𝐼 = �  |𝑒𝑒(𝑡𝑡)| ⋅ 𝑑𝑑𝑑𝑑  (36) 

𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = �  𝑡𝑡 ⋅ |𝑒𝑒(𝑡𝑡)|𝑑𝑑𝑑𝑑 (37) 

𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼 = �  𝑡𝑡 ⋅ [𝑒𝑒(𝑡𝑡)2] ⋅ 𝑑𝑑𝑑𝑑 (38) 

 
Table 4.  Performance evaluation based on ITAE, ITSE, IAE, and ISE criteria. 

Controllers IAE ISE ITAE ITSE 
HHO-PIαD [Proposed] 2.0686 1.7729 2.8166 1.4278 

MOFPA-PID 2.5624 2.0889 4.1218 2.0243 
MOFPA-PIDA 2.1045 1.7793 2.521 1.3854 
PSO-RPIDD2 2.3371 1.9449 4.1084 1.6773 

    
Table 4 shows that the proposed HHO-PIαD controller achieves the lowest values of IAE (2.0686) and ISE (1.7729), 

highlighting its effectiveness in minimizing overall error magnitude and energy. However, the MOFPA-PIDA controller shows 
superior performance in terms of ITAE (2.521) and ITSE (1.3854), indicating faster attenuation of errors over time and 
improved suppression of late-stage deviations. This suggests that while the HHO-PIαD controller ensures strong general 
tracking performance, the MOFPA-PIDA controller is more effective in scenarios requiring rapid stabilization and reduced 
long-term error impact. 
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5. Robustness Analysis 
This section analyzes three distinct scenarios: 
 
Scenario 1: Tracking performance under a step change in desired temperature. 
In this scenario, the system is subjected to a step change in the desired temperature to evaluate its response. At 𝑡𝑡 =  20 s, a 
step change of 0.5 is applied. Figure 11 shows the step response of the system using four controllers: PIαD, PID, PIDA, and 
RPIDD². A reference step change is applied at 𝑡𝑡 =  20 s. The PIαD and RPIDD² controllers show better performance compared 
to PID and PIDA, with faster settling time and lower overshoot. The zoomed views highlight the transient behavior before and 
after the step change. The proposed PIαD and RPIDD² controllers closely follow the reference and recover quickly from 
disturbances, while the PID controller has the highest overshoot. These results confirm that the PIαD and RPIDD² controllers 
provide improved tracking and stability.  

Table 5 indicates the performance in this case. The proposed HHO-PIαD controller achieved the best performance in the 
reference tracking scenario, with zero overshoot, the fastest rise time, and the shortest settling time compared to MOFPA-PID, 
MOFPA-PIDA, and PSO-RPIDD² controllers. 
 

Table 5. Performance metrics for reference tracking (step change at 𝑡𝑡 =  20 s). 

Controllers 𝑇𝑇𝑟𝑟 (s) 𝑇𝑇𝑠𝑠 (s) 𝑂𝑂𝑂𝑂 (%) 𝑇𝑇𝑝𝑝 (s) 
HHO-PIαD [Proposed] 20.950 23.073 0.0000 4.1836 

MOFPA-PID 21.117 25.678 3.0555 4.7397 
MOFPA-PIDA 21.103 23.107 1.1023 4.3534 
PSO-RPIDD2 21.063 23.233 0.68113 4.3715 

 

Scenario 2: Impact of a step load variation on system stability 
This scenario investigates the effect of a sudden load disturbance on the system's performance, as illustrated in Figure 12, the 
system was subjected to a step load disturbance introduced at t = 30 s. Figure 13 illustrates the system's response under the 
four different controllers. 

 

 
Figure 11. Dynamic response of the system in scenario 1. 

 
Figure 12. Step disturbance. 

 
Figure 13. Dynamic response of the system in scenario 2. 
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Figure 14. Output response of controllers under a smooth random temperature reference. 

 
In Figure 13, before the disturbance, all controllers track the reference accurately. At the disturbance moment, the system 

output drops and then recovers. A zoomed-in view (30-38 s) highlights the difference in disturbance rejection performance. 
The proposed PIαD controller shows the fastest and smoothest recovery with minimal overshoot and fast return to steady state. 
RPIDD² controller also performs well, closely following the proposed controller. In contrast, the PID and PIDA controllers 
have slower recovery and more oscillations. This result confirms that the PIαD controller is more robust to sudden disturbances, 
making it more suitable for dynamic environments where load changes occur. 

 
Scenario 3: Smooth random reference tracking test 
To assess tracking performance under realistic conditions, a smooth random reference signal ranging from 1.0 to 1.5 was 
generated to emulate gradual temperature changes in an industrial furnace. To evaluate tracking quality, the following 
performance indices were computed: IAE, ISE, ITAE, and ITSE.  

Figure 14 illustrates the tracking performance of each controller in response to the smooth, randomly varying reference 
signal. Table 6 summarizes the values of four standard performance indices computed for each controller. These indices 
provide a comprehensive evaluation of tracking accuracy and robustness, with each emphasizing different aspects such as total 
error, large deviations, and time-weighted penalties. The results demonstrate that the proposed PIαD and RPIDD² controllers 
outperform conventional PID and PIDA in all tracking metrics. Their ability to follow a dynamic reference with minimal delay 
and error highlights their robustness and adaptability for real-world furnace control applications. Table 6 shows that the HHO-
PIαD controller achieved excellent tracking performance, with error values close to the best-performing PSO-RPIDD² 
controller. This confirms the strong ability of HHO-PIαD to handle dynamic reference changes. In contrast, the classical PID 
controller exhibited the highest errors, indicating limited effectiveness in tracking varying signals. 

The tracking performance analysis under a smooth, random reference signal showed that advanced controllers, particularly 
PIαD and PIDA, outperformed classical PID. PIαD achieved excellent accuracy (low IAE and ITAE), while PIDA minimized 
late errors (lowest ITSE), both demonstrating strong suitability for realistic thermal control scenarios. RPIDD² provided a 
moderate improvement over PID, which exhibited the highest error values across all indices. These results highlight the 
effectiveness of fractional and derivative-augmented controllers in industrial furnace temperature regulation. 
 

Table 6. Performance indices for random reference tracking. 

Controllers IAE ISE ITAE ITSE 
HHO-PIαD [Proposed] 3.2432 2.7072 20.057 2.5976 

MOFPA-PID 3.8203 3.1877 22.990 3.5454 
MOFPA-PIDA 3.2231 2.7126 20.132 2.5217 
PSO-RPIDD2 3.4127 2.9667 20.777 2.9768 

 

6. CONCLUSION  
In this study, a Proportional Fractionalized Integral Derivative (PIαD) controller was proposed for regulating temperature in 
electric furnaces. The controller has proportional, fractionalized integral and derivative, components. Its parameters were 
optimized using the HHO method using the IAE criteria. Effectiveness of the PIαD controller was tested by comparing it to 
other standard integer-order PID controllers, PIDA, and RPIDD². The comparisons showed the significant potential of the 
suggested controller for high-performance industrial applications. In the time-domain study, the PIαD method produced better 
results, showing faster rise and settling times, less overshoot, and shorter peak periods. In the frequency domain, it showed 
outstanding strength and stability, with unlimited phase margins, high gain margins, and wider bandwidths outperforming 
current controllers in many quality aspects and indicating major improvements in controlling furnace temperature. This study 
also highlighted additional opportunities for more investigation. Evaluating the proposed method's adaptability and efficacy in 
real-world industrial contexts may provide more insights. Furthermore, analyzing the influence of environmental uncertainty 
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on the system may enhance its robustness. Future research should examine the effects of the approximation method used on 
controller design. 
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